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INITIAL RATE OF SECONDARY COMPRESSION IN
ONE-DIMENSIONAL CONSOLIDATION ANALYSIS

Toshihiko Takeda!, Motohiro Sugiyama?, Masaru Akaishi %, and Huei-Wen Chang *

ABSTRACT

The finite difference analysis of one-dimensional consolidation of clays, exhibiting large amounts of secondary compression
during primary consolidation, provide fairly good predictions of the consolidation-time curve for oedometer specimens with dif-
ferent heights. Some parameters including the initial rate of secondary compression defined by primary consolidation in this
analysis have been assumed to avoid experimental difficulty. The trial and error calculation procedure was therefore used where
the calculated consolidation-time curves fit the observed ones. Finaly, it is emphasized that the assumption for unknown second-
ary compression behaviors during primary consolidation has a predominant influence on the consolidation-time curve.

Key words: One-dimensional consolidation, rate of secondary compression, H? scaling law.

1. INTRODUCTION

The theory of one-dimensional consolidation proposed by
Terzaghi (1943) has been widely used to predict the settlement-
time relation of soft grounds. From both field and |aboratory
observations, it is well known that the actual consolidation be-
havior differs from the prediction based on the Terzaghi’s theory.
It has been suggested that one of the reason for this difference
between the consolidation test results with the theoretical predic-
tion may be due to the effect of the so-called secondary compres-
sion which is not considered in the Terzaghi’ s theory.

Figure 1 shows the typical settlement-time curves (Aboshi
1973). One-dimensional consolidation settlement has been tradi-
tionally divided into primary and secondary compression com-
ponent. As shown in Fig. 1, the settlement under sustained load
continues almost indefinitely but the primary component would
reach its ultimate settlement at the end of primary consolidation
(tzop). Secondary compression may occur during the primary
consolidation period though it is more noticeable after primary
consolidation is completed (Taylor 1948). Secondary compres-
sion observed after the end of primary consolidation, form an
approximately linear relationship when plotted against the loga-
rithm of time (Mesri and Rokhsar 1974; Murakami 1977; Feng
2010). The studies on secondary compression based on the time
dependent soil model are extensive. Although some of secondary
compression soil models are expressed by a function of time and
effective stress, Leroueil et al. (1985) pointed out that a major
difficulty encountered with these modelsis that the origin of time
must be defined. However, this difficulty can be overcome by a
unique stress-strain-strain rate model. To avoid the difficulty of
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Fig.1 Hypotheses A and B for settlement-time curves of
one-dimensional consolidation (Aboshi 1973)

determining the time origin for secondary compression, Yin and
Graham (1996) introduced a concept of a reference time line
indicating the duration of secondary compression. However,
these discussions are doubtful because only the total compression
which consists of both the primary and secondary compression,
can be read on dial gaugesin conventional consolidation test. It is
impossible to measure separately the secondary compression
from the total compression during primary consolidation. Con-
sequently, the secondary compression behaviors during primary
consolidation cannot be fully understood with the experimental
evidence.

Ladd et al. (1977) presented two extreme cases, namely hy-
potheses A and B for the time effects in one-dimensional consol-
idation as shown in Fig. 1. Hypothesis A assumes the secondary
compression occurs only after the end of primary consolidation
(tz0p) and the settlement-time curve of the thick sample is simply
displaced in proportional to the squared ratio of the drainage dis-
tance (Hy/ H,)%. Hypothesis B is based on Suklje's isotaches
theory (1969) which assumes that the settlement-time curves of
both thin and thick samples coincide with each other in second-
ary compression stage. However, the experimental data presented
by Mesri et al. (1995) and Aboshi (1973) supports hypothesis A
rather than B and the existence of secondary compression during
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primary consolidation. On the contrary, Nash (2001), Imai et al.
(2003), and Haan and Kamao (2003) reported the validity of the
isotaches theory in one-dimensional consolidation. It may be said
that while many theories have been published for secondary
compression, none has been generally being accepted for discus-
sion (consistently) on the rate of the secondary compression dur-
ing the primary consolidation, since there is no experimental
evidence available.

Takedaet al. (2012) had proposed a constitutive equation in
the form of F(e, p, de / df) = 0 for the one-dimensional consolida-
tion analysis. In this paper, the void ratio rate de/ 0t (= é) of
our proposed model rewrite in the time rate of the total volumet-
ric strain dv/dt (=v) in order to make it more convenient. It
is the purpose of this paper to examine not only the influence of
secondary compression developed during primary consolidation
on the consolidation-time curve, but also to consider how to as-
sume the initial rate of secondary compression in the numerical
consolidation analysis. It is shown that the curve fitting proce-
dures described in this paper provide a method of one-
dimensional consolidation analysis taking account of secondary
compression.

2. CONSOLIDATION EQUATION AND
SECONDARY COMPRESSION MODEL

The eguation that governs the process of consolidation is
expressed as follows (Terzaghi 1943):

--= &

where 0v/0t (=v) is the time rate of the total volumetric
strain as the sum of primary and secondary volumetric strain rate,
v, and v, respectively, k is the permeability, v, is the unit
weight of water, u is the excess pore water pressure, y is the ver-
tical coordinate and ¢ is the time.

The effective stress-total volumetric strain-strain rate rela-
tionship is given for the component of primary and secondary
compression as follows (Sekiguchi and Torihara 1976; Shirako et
al. 2008):

Av(=Av, +Av,) :im(ij :X—*In[ij+aln[‘:}—°j
Jo Po Jo Po v

@
where A and A" are the compression index defined by the total
and primary compression respectively, fy is the initial specific
volume, p is the vertical effective stress, py is the vertical effec-
tive overburden stress, a. is the coefficient of secondary compres-
sion defined by the volumetric strain and v, istheinitia rate of
secondary compression.

The rate of the volumetric strain due to the primary consoli-
dation and secondary compression can be derived from Eq. (2).

V= p= =i ©
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where p=—i(=—0uldt) and K= fy-plA .

Primary volumetric strain Av, occurs simultaneously with an
increase in effective stress and the secondary volumetric strain
Av, represents the reduction in volume under constant effective
stress. Substitution of Egs. (3) and (4) into Eq.(1), the continuity
equation for the process of one-dimensional consolidation is re-
written as

2
Gu e Tk, ®)
ot dy?
where ¢, isthe coefficient of consolidation defined by the pri-
mary consolidation and iscalculated by ¢, =k-K /vy, .

A complete solution through the use of the finite difference
method has been obtained for one-dimensiona consolidation
considering secondary compression. The finite difference ap-
proximations by differentiating Eqg. (5) are

ou _ Uppn —Uiy
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where u;, and u;, . ,, are the excess pore pressure at point i and
times ¢ and ¢ + At. Consequently, if written in the finite difference
form, Eq. (5) becomes

Uigins =W + M (g, =200, +1;4,) + K-V - At (8)

where M =c!-At/ Ay* < 0.5and the numerical solution con-

verges if the time increment Az and the spatial grid increment Ay

are chosen such that M is equal to or lessthan 0.5 (Harr 1966).
The simple explicit solution is as follows:

(@ The excess pore pressures immediately after the application
of an increment of load are calculated along a series of
points and nodes throughout the consolidation layer.

(b) Using the excess pore pressure above and below the nodal
point i at time¢, u;, ., iS calculated from Eq. (8).

(c) Effective stress increment Ap; at a nodal point i can be ob-
tained from Ap; = u; ;4 a — Ui

(d) The rate of secondary compression v, a a nodal point i
can be calculated by Eq. (4).

(e K-v,-Atin Eq. (8) is equivalent to the excess pore pres-
sure increment developed by secondary compression and
distributed to a nodal point i.

(f) The initial and boundary conditions for the analysis in this
paper areidentical with those in the oedometer test.
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3. OUTLINE OF EXPERIMENTS AND SOIL
PARAMETERS

3.1 Outline of Experiments

Long term oedometer tests were conducted on undisturbed
Hitachi clay to examine secondary compression behavior. The
geotechnical properties of Hitachi clay and the long term settle-
ment of road embankment on the soft ground have been exten-
sively investigated by Japan Highway Public Corporation (Tatta
et al. 2003). Average physical properties for the clay are as fol-
low; soil particle density p = 2.68 g/cm®, natural water content
w, = 100%, liquid limit w, = 114%, plastic limit w,=48%. The
undisturbed samples were carefully prepared by trimming it to fit
into the oedometer ring, which were 6 cm in diameter and 2 cm
in height. In order to investigate the influence of drainage dis-
tance, 1 cm and 0.7 cm in height samples were also prepared.
The rings were lubricated with silicon grease to reduce friction

and filter papers were placed on the top and bottom of the sample.

The samples were normally consolidated under the pressures
varied from the pre-consolidation pressure 78.48 kPa to 156.96
kPa and the amount of compression was measured.

This paper is only concerned with the verification of the
basic assumption for secondary compression made by Eq. (4) and
the evaluation of soil parameters involved from laboratory re-
sults.

3.2 Soil Parameters

Most of soil parameters required for one-dimensional con-
solidation analysisin consideration of secondary compression are
caculated from the consolidation-time curve in the one
dimensional consolidation tests as shown in Fig. 2. But some of
them cannot be determined by the experimental results (Takeda
et al. 2012). The validity and the applicability of the assumed soil
parameters are verified by the comparison of the calculated con-
solidation-time curves with the observed results. The procedure
of determining soil parametersis as follows:

1. The compression index A is calculated from the volumetric
strain v, of one day after.

Sample No. 1:

A=v,-folln(p! po)

=0.0945x3.191/In(156.96/ 78.48) = 0.44

2. The coefficient of consolidation ¢, is found by\/? method
and it is assumed that ¢, =c,. The coefficient of consoli-
dation ¢, which should be determined from the primary
compression-time curve cannot be determined from total
compression-time curve as shown in Fig. 1.

¢, =T, -H?/ty, = 0.848x0.888% /13.7 = 0.049 (cm?/ min)

3. The coefficient of secondary compression « is easily de-
termined from the final slope of the semi-logarithmic plot of
the consolidation-time curve after the primary consolidation
has ended.
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< p = 156.96kPa
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Fig.2 Consolidation-time curves of observed and calculated
results

=0.434x0.0155/10g(1440/180) = 0.00745

4. The value of compression index A" defined by the primary
compression is arbitrarily assumed to be less than that of A if
the observed volumetric strain includes the secondary com-
pression.

5. The initial rate of secondary compression, v, is also as-
sumed as follows;

)
=5.44x10"*(1/ min)

where tq is the time of 90% consolidation.

The behaviors of secondary compression during the pri-
mary consolidation cannot be clarified by experiment, and
this assumption infers that the notable secondary compres-
sion occurs after tq. Besides, it should be noted that 7ois
affected by the drainage distance. This contention will be
discussed later in more detail. Thus, there are three un-
knowns, c,, A" and v, which cannot be determined by
experiment.

6. Therefore, applicable values of these soil parameters are

modified by a trial and error procedure until the calculated
volumetric strain coincides with the observed one.

3.3 Consideration of Calculation Results

(1) Consolidation-time curves

Table 1 shows the soil parameters determined or assumed by
the above-mentioned fitting procedure and the calculated consol-
idation-time curves are solid lines in Fig. 2. It is natural that the
calculated volumetric strain v, after one day is in agreement with
an actual measurement. However, the consolidation process,
namely, the consolidation-time curve for one day is fairly in
agreement with the experimental result.

It can be seen from Fig. 2 that there are small deviations
between the calculated and observed consolidation-time curvesin
the primary consolidation stage. To produce more consistent
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Tablel Soil parameters
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one of consolidation-time curves shown in Fig. 2 was examined
and plotted again asin Fig. 3. The shape of the dash line based on
asuitable choice of ¢, value agrees well with the experimental
result. The volumetric strain-time curves in a pervious and im-
pervious boundary are also shown in Fig. 3. Primary consolida- 1073
tion in apervious boundary y / H = 0 has ended immediately after 7,=3.8 10" (/min) to= 12 min
loading. The amount of primary compression is calculated cor-
rectly and confirmed from the early stage of consolidation.
Therefore, a dash line for the pervious boundary is equivaent to =
the secondary compression-time curve. It can be found that the :E| :
volumetric strain calculated by the model of Eq. (2) is propor- “: P
tional to the logarithm of time after roughly 100 minutes. More- - 1073k =33x r%|?1 ]
over, the volumetric strain-time curve in the impervious bounda- 5
]
|
|

Fig. 3 Consolidation-time curveswith different ¢,
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(2) Influence of theinitial rate of secondary compression v,

The rate of secondary compression with time in pervious
and impervious boundary of the consolidation layer is shown in Fig.4 Relation between the rate of secondary compression v,
Fig. 4. In these calculations, the time increment of A, = 3.3 x 102 and time calculated for sample No. 3
minutes is used and fixed in the whole consolidation process in
the calculation. Primary consolidation in the impervious bounda-
ry y/ H = 1 begins when the average degree of consolidation
reaches to about 33%. Although the secondary compression has 0
started before the consolidation has reached the 33% of the con-
solidation. The rate of secondary compression increases rapidly
up to the initial value v, immediately after the beginning of
primary consolidation. The feature of a secondary compression
model expressed with Eq. (2) can be observed from the calculat-

Cdculated - . "
Vo A c,

t» 0.08 0.045

L == Is5 0.06 0.06
cm?/min

Volumetric strain (%)

ed result shown in Fig. 4. 4
According to the model of Eqg. (2), the rate of secondary po= 7848
compression decreases with the increase in secondary compres- p = 156.96 kPa
sion. The secondary compression occurred during the primary 6L
consolidation is dependent on an assumption of the initial rate of O No.3 Observed ©
secondary compression v, . If the time of 90% consolidation g 107 ZII. 1'0 1'02 1'03

in Eq. (9) is replaced by 50 or 3, the initial rate of secondary
compression increases to 4.3xv, and 11.9xv,, respectively.
As it can be observed in Fig. 5, the proposed analysis predicts
aso with the remarkable accuracy on the volumetric strain-time
curves due to different soil parameters. This may be due to fit the
calculated volumetric strain-time curves to the observed ones at

Time (min)

Fig.5 Consolidation-time curveswith different v,
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the elapsed time #,= 1440 min. It is apparent from Fig. 5 that the
increase in v, needs to change the values of the other parame-
ters, " and ¢, indicated in this figure and this leads to the re-
duction of primary compression. However, it should be noted
that adoptions of the appropriate value of soil parameters are not
based on the experimental evidence because it is impossible to

measure the secondary compression during primary consolidation.

The ratios of primary to total compressibility A"/ A (= 0.2 to 0.5)
express the importance of the assumption for v, .

Secondary compression constitutes approximately 50% to
80% (1" /A =0.2to 0.5) of total compression. It is also clear that
the assumption of the initial rate of secondary compression value
affects predominately on both the rate and magnitude of one-
dimensional consolidation. The time increment A¢ used in finite
difference consolidation analysis is limited (or restricted) by the
spatial grid increment Ay.

(3) The maximum drainage distance H

The assumption of the value of v, isaso dependent on the
sample thickness. The time increment in the analysis of thick
field deposits may be considerably greater than that of the thin
laboratory sample. It is important to consider how to postulate
the value of v, at the time increment Az. The relationship be-
tween the initial rate of secondary compression and the maxi-
mum drainage distance H is given by

VoL

)

where 7 is the index of a fixed number, suffix L and F refer to
thin laboratory sample and thick field deposit respectively.

The results of numerical analysis for the specia case in
whichn=0o0rn=2and H=0.88 or 8.8 cm are shown in Fig. 6.
The basic soil parameters (No. 3in Table 1 and Fig. 3) were used
to calculate the consolidation-time curves of athick sample based
on the same conditions as a thin sample. Dash lineswith » = 0 for
thin and thick samples merge onto the same secondary compres-
sion-time curve. However, the solid line calculated with n = 2
can be simply displaced in proportional to a 42 scaling method.

Figure 7 shows the relationships of the volumetric strain-
time curve which refer to the consolidation of clay samples with
different thickness. The experimental result with the drainage
distance shorter than 1 cm seems to be closer to hypothesis A.
Assuming n = 2 in Eq. (10), there are reasonable agreements
between observed and calculated volumetric strain-time curves.
Observed curves support hypothesis A and do not coincide with
one line in the range of secondary compression as shown in
Suklj€e' sisotaches theory (Suklje 1969).

Table 2 shows soil parameters obtained from the consolida-
tion-time curve in Fig. 1 and aso Fig. 8 which represents the
observation in one-dimensional consolidation test of clay layers
with different thickness conducted by Aboshi (1973). The con-
solidation-time curves of the large specimens H, = 10 cm are
calculated by using the value of n = 2 (solid line) and » = 0 (dash
line) in Eq. (10). As compared with the observations, the numer-
ical results with n = 2 appears to give reliable prediction. As re-
sults, it can be concluded that the consolidation-time curve with
the different thickness of the clay layer is sensitively influenced
by the assumption of theinitial rate of secondary compression.

Vor =

(10)
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Fig. 6 Consolidation-time curveswith different H
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Table2 Soil parameters (after Aboshi 1973)
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4. CONCLUSIONS

One-dimensional consolidation analysis taking into account
of secondary compression has been developed for normally con-
solidated clay. A fitting procedure is suggested for obtaining the
soil parameters for the analysis from the experimental results.
The following conclusions can be drawn from the comparison of
the calculated and observed secondary compression behaviors.

1. When large amount of secondary compression occurs during
the primary consolidation, it is impossible to determine
some of the soil parameters defined by the primary
compression.

2. The assumption for theinitial rate of secondary compression
vo has a predominant influence on the calculated
consolidation-time curve.

3. Predictions using such soil parameters without experimental

evidence agree well with the observed consolidation-time
curve.

4. The calculated consolidation-time curves are influenced by
the assumption of the initial rate of secondary compression
and do not coincide in one line on the secondary consolida-
tion stage as shown in Suklj€’ s isotaches theory.

NOTATIONS

The following symbols are used in this paper.

*

c, coefficient of consolidation defined by the

primary consolidation (cm?/min)

e void ratio rate
fo initial specific volume
Hy maximum drainage distance of thick field sasmple

(cm)
H; maximum drainage distance of thin laboratory
sample(cm)

k permeability of soil (cm/min)

p vertical effective stress (kPa)
Po vertical effective overburden stress (kPa)
trop end of primary consolidation (min)
u excess pore water pressure (kPa)
v time rate of the total volumetric strain (1/min)
v, time rate of the primary volumetric strain (1/min)
Vg time rate of the secondary volumetric strain
(Ymin)

Vo initial rate of the secondary volumetric strain
(Ymin)

wy liquid limit (%)

W, natural water content (%)

w, plastic limit (%)

y vertical coordinate (cm)

o coefficient of secondary compression defined
by the volumetric strain (%)

Yoo unit weight of water (gf/cm®)

A compression index
b compression index defined by the primary

compression

P soil particle density (g/cm®)
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