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ABSTRACT 

Generally, a weak zone can be considered as a layered system composed of formations with different material properties. In 
order to understand the potential mechanism for material instability in relation to the material contrast, it is essential to consider 
the problem as a multi-layered system. For the analysis of multi-layered elastic media, a linear variation displacement discontinu-
ity method was developed based on a scheme superposing two sets of bonded half-planes and subtracting one infinite plane. The 
model was verified before applied to the study of the fracture zone behaviour of tunneling through a weak zone. The results show 
that the influence of the material contrast on the stress distribution might be insignificant. However, the fracture zone behaviour, 
especially the fracture patterns, can be quite different for different material contrasts. 
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1. INTRODUCTION 
Boundary element models are widely used in geomechanics 

problems for computing stresses and displacements around un-
derground excavations. Most of these models assume the rock 
mass to be a homogeneous, isotropic, linearly elastic solid, al-
though inhomogeneity and anisotropy can also be analyzed by 
the boundary element method (Banerjee and Butterfield, 1981; 
Crouch and Starfield, 1989; Napier and Ozbay, 1993). An im-
portant development of the boundary element approach is that 
half-plane and bonded half-plane problems can be solved without 
making additional numerical approximations (Frasier and Rong-
ved, 1957; Crouch and Starfield, 1989; Pan et al., 1998). Prob-
lems involving layers of finite thickness are more difficult to treat 
as closed form fundamental solutions are difficult to derive. 
However, the fundamental solution for a multi-layered medium 
has been derived using the principle of superposition (Shou and 
Napier, 1999; Shou, 2000).  

Many important rock engineering problems involve analysis 
of the stress fields of multi-layered systems. For the problem of 
mining a tabular orebody with different hangingwall and footwall, 
in order to understand the potential instability in relation to the 
material contrast, it is necessary to consider the problem as a 
layered system composed of formations with different material 
properties. A stope approaching a dyke with different properties 
from the host rock, which may trigger slip along the interface or 
may induce seismic activity related to rockburst, is another typi-
cal problem involving material contrast and interface. Similarly, 
a weak zone encountered in tunneling can be considered as a 
layered system composed of formations with different material 
properties. The material contrast and the existence of interface(s) 
play important roles on the behaviour of the rock mass near the 
interface approached by the tunneling face. 

2. BOUNDARY ELEMENT METHODS 

2.1  Solution for a Three-Layer Medium 

The solution of a displacement discontinuity element within 
a three-layer medium was derived by a superposing procedure, 
which is based on the principle of superposition and the bonded 
half-planes solution (Shou, 2000). A three-layered elastic region, 
with Young’s modulus E1, E2, and E3, can be obtained by super-
posing two sets of bonded half-plane regions and an infinite 
plane. It is accomplished by introducing two sets of bonded 
half-planes solution with different elastic modulus sets (E2, E3) 
and (E1, E2), and subtracting a supplementary infinite domain 
solution, as shown in Fig. 1. The complete solution can be writ-
ten as: 

[A] [B1] [B2] [C]( ) ( ) ( ) ( )i i i iu u u u= + −  

[A] [B1] [B2] [C]( ) ( ) ( ) ( )ij ij ij ijσ = σ + σ − σ  (1) 

For each layer, the solution can be expressed in more detail as: 

(1) Layer 1 ( )y H>  

[1]
[B1U] [B2U] [C]( ) ( ) ( )  i i i iu u u u= + −  

[1]
[B1U] [B2U] [C]( ) ( ) ( )ij ij ij ijσ = σ + σ − σ  (2) 

(2) Layer 2 ( 0)H y≥ ≥  

[2]
[B1U] [B2L] [C]( ) ( ) ( )i i i iu u u u= + −  

[2]
[B1U] [B2L] [C]( ) ( ) ( )ij ij ij ijσ = σ + σ − σ  (3) 

(3) Layer 3 ( 0)y <  

[3]
[B1L] [B2L] [C]( ) ( ) ( )i i i iu u u u= + −  

[3]
[B1L] [B2L] [C]( ) ( ) ( )ij ij ij ijσ = σ + σ − σ  (4) 

where subscript [B1] represents the bonded half-planes with pa-
rameters (E2 , ν2) and (E3 , ν3), [B2] represents the bonded 
half-planes with parameters (E1 , ν1) and (E2 , ν2), and [C] repre- 
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E1,v1 E1,v1 

= + - 
E2,v2 E2,v2 E2,v2 E2,v2

E3,v3 E3,v3 

[A] [B1] [B2] [C]  
Fig. 1 The superposition scheme to obtain the solutions for a 

three-layered medium 

sents the infinite plane with parameters (E2 , ν2). The additional 
subscripts U and L represent the solutions for upper and lower 
half-planes, as the bonded half-planes solutions are different for 
the upper and lower half-planes. 

2.2  Numerical Implementation 

Based on the developed fundamental solution, a solution 
procedure can be applied to establish the displacement disconti-
nuity method for boundary value problems. To illustrate the solu-
tion procedure for the displacement discontinuity method, a sim-
ple problem for a line crack in an infinite layered body is adopted. 
For this problem, we divide the crack into N line segment (2N 
nodal points), each of which is represented by a displacement 
discontinuity element (see Fig. 2).  

For the j-th nodal point, the shear and normal displacement 

discontinuities applied to this node are denoted as 
j

sD  and 
j

nD  
and the actual stresses as sσ  and nσ . The actual stresses,   

sσ  and nσ , are induced by the discontinuity values arising on 
all N segments (2N nodal points). With suitable coordinate trans-
formations to account for the orientations of the line segments, 
we can express the stresses sσ  and nσ  (i = 1 to 2N) at suitable 
collocation points within each segment as: 

2 2

1 1

ij j ij ji iN N
ss s sn ns s

j j
A D A D P

= =
σ = + +∑ ∑  

2 2

1 1

ij j ij ji iN N
ns s nn n nn

j j
A D A D P

= =
σ = + +∑ ∑     i = 1  to  2N (5) 

where 
ij

ssA , etc., are the boundary stress influence coefficients, 

and 
i

sP and
i

nP  are the original field stress components. The 

coefficient 
ij

ssA , for example, gives the shear stress at the i-th 

collocation point, sσ , due to a unit applied shear displacement 

discontinuity at the j-th collocation point ( 1
j

sD = ).  
Introducing prescribed boundary stresses into Eq. (5), we 

can obtain a system of 4N algebraic equations to determine the 

applied displacement discontinuity 
j

sD  and 
j

nD  for j = 1 to  
2N. We can then obtain the solutions for other points within the 
domain since the solutions can be expressed as linear combina-
tions of the displacement discontinuities. The foregoing equa 
tions were used to develop the linear displacement discontinuity 
model DD3L for solving two-dimensional boundary value prob-
lems. 
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Fig. 2 Displacement discontinuity method for the problem of a 
crack in a layered medium 

2.3  Strength Factor 

In this study, strength factor (S.F.) is adopted to illustrate 
the stress concentration as well as the potential of failure (Curran 
and Corkum, 1992). The strength factor is calculated by dividing 
the rock strength in terms of the maximum internal shear stress 
for a given confining pressure at a point, by the maximum in-
duced internal shear stress at that point due to the excavation. It 
can be defined as below (see Fig. 3): 

max /=S.F. S S   (6) 

where 

 max 1 3cos sin  ( ) / 2c= ϕ+ ϕ ϕ + ϕS  

and 1 3= ( ) / 2.σ −σS  

 

C
S
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Mohr-Coulomb

tσ 3σ 1σ σ

τ ϕ

S
SFS ma x. =

 
Fig. 3 Strength factor corresponding to the Mohr-Coulomb 

failure criterion 

3. RESULTS 

Using the developed model, a series of analyses was per-
formed by considering a weak zone in host rock as a layered sys-
tem with different material properties. A tunnel approaching a 
weak zone, with different material properties from the host rock, 
may trigger slip along the interface or may induce stress concen-
trations leading to collapse as well as micro seismic activity. An 
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example problem of a tunnel approaching and penetrating a weak 
zone from different angles (see Fig. 4), with the properties as in 
Table 1, is analyzed. The approaching angle θ is defined as the 
angle between the mining direction and the weak zone. We let 
the thickness of the weak zone be t = 5 m, and the distance from 
the mining face to the first interface of host rock and weak zone 
be d = 5 m. 

The results in Figs. 5(a) ~ 5(d) shows the significant influ-
ence of the approaching angle on the strength factor distribution. 
The higher strength factor along the interface, especially for the 
hanging wall side (see Figs. 5(a) and 5(b)) reveals that the dif-
ference in the stresses is maximized for the approaching angle 
nears 45° to 60°. And, according to the stress state and failure 
criterion, the failure mode near the interface might change from 
shear to tensile when the approaching angle getting smaller 
(Shou and Napier, 1999). 

For a tunnel penetrating a weak zone, different phases of the 
tunneling process were analyzed. For simplicity, we only con-
sider the case of tunnel mining through a weak zone at 90°. The 
results for different stages in Figs. 6(a) to 6(d) always show the 
concentration at the mining face as well as the interface. And the 
effect of energy release is quite significant when the mining face 
reach the interfaces. 
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(a) approaching angle 45° 
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(b) approaching angle 60° 
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(c) approaching angle 75° 
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(d) approaching angle 90° 

Fig. 5 The influence of the approaching angle on the distribu-
tion of strength factor for a tunnel mined toward a weak 
zone 
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Fig. 4  The problem of a tunnel approaching a weak zone 

Table 1 Input data for the problem of a tunneling penetrating a 
weak zone 

E (host rock) 78 GPa 
ν (host rock) 0.21 
E (weak zone) 7.8 GPa 
ν (weak zone) 0.21 
σv (vertical in situ stress) 54 MPa 
σh (horizontal in situ stress) 27 MPa (i.e. k = 0.5)
t (width of weak zone): 5 m 
d (distance from mining face to weak zone) 5 m 
θ (angle between the stope and interface) 45°, 60°, 75°, 90°
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(a) 5 m ahead of the interface 
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(b) right at the interface of the weak zone 
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(c) 2.5 m penetrating in the weak zone 
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(d) penetrating through the weak zone 

Fig. 6 The distribution of strength factor for a tunnel being 
mined through a weak zone 
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4. CONCLUSION AND SUGGESTION 

In this study, a weak zone in host rock was considered as a 
layered system composed of formations with different material 
properties. For the analysis of multi-layered system, a linear 
variation displacement discontinuity method based on a superpo-
sition scheme was adopted. And the results show that the bound-
ary element approach works well in describing the mutual inter-
action of multiple layers. 

The material contrast and the existence of interface(s) play 
important roles on the behavior of the rock mass near the inter-
face approached by the tunneling face. The results show that the 
influence of the material contrast on the stress distribution might 
not so significant except at the interfaces. However, the fracture 
zone behavior, especially the fracture patterns, can be quite dif-
ferent for different material contrasts. 

ACKNOWLEDGMENTS 

The development of boundary element method was    
originally based on the results of National Science Council,   
Taiwan (Project No. 85-2611-E005-003) and the rock mass     
behavior research programm of Rock Engineering Division, 
CSIR/MiningTek, South Africa.  

REFERENCES 
Banerjee, P. K. and Butterfield, R. (1981). Boundary Element 

Methods in Engineering Science, McGraw-Hill, London. 
Crouch, S. L. and Starfield, A. M. (1989). Boundary Element Meth-

ods in Solid Mechanics, Allen & Unwin, London. 
Curran, J. H. and Corkum, B. T. (1992). EXAMINE2D Version 4.0 

User’s Manual, Rock Engineering Group, University of Toronto, 
Canada. 

Frasier, J. T. and Rongved, L. (1957). “Force in the plane of two 
joined semi-infinite plates.” J. Appl. Mech., 24, 129−174. 

Hoek, E. (1994). The Acceptable Risks and Practical Decisions in 
Rock Engineering, Notes for Rock Mechanics Short Course, 
Taiwan.  

Napier, J. A. L. and Ozbay, M. U. (1993). “Application of the dis-
placement discontinuity method to the modelling of crack 
growth around openings in layered media.” Assessment and 
Prevention of Failure Phenomena in Rock Engineering, 
Pasamehmetoglu, et al., Eds., Balkema, Rotterdam, 947−956. 

Pan, E., Amadei, B. and Kim, Y. I. (1998). “2-D BEM analysis of 
anisotropic half-plane problems-application to rock mechanics.” 
Int. J. Rock Mech. Min. Sci., 35, 69−74. 

Shou, K. J. and Napier, J. A. L. (1999). “A two dimentional linear 
variation displacement discontinuity method for three-layered 
elastic media.” Int. J. Rock Mech. Min. Sci., 30, 719−729. 

Shou, K. J. (2000). “A superposition scheme to obtain fundamental 
boundary element solutions in multi-layered elastic media.” I. J. 
Num. Anal. Meth. Geomech., 24, 795−814. 

 
 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /UseDeviceIndependentColor
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 900
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /SyntheticBoldness 1.000000
  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /CHT ()
  >>
>> setdistillerparams
<<
  /HWResolution [900 900]
  /PageSize [612.000 792.000]
>> setpagedevice


