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ABSTRACT 

The bi-directional mechanism influences tunnel forces and soil pressure when seismic excitation occurs. In this study, a 
tunnel-soil-pile interaction model was proposed, and an analytical formula was derived. These expressions consist of a 
bi-directional mechanism. In addition, the seismic excitation is considered as undamped free vibration, and the seismic wave shape 
is considered sinusoidal. Also, the soil behaves like an elastic, homogeneous, isotropic, and infinite medium to avoid the complexity 
of the formulation development. On the other hand, refractive and scattering waves and mode conversion of P or SV waves are not 
addressed in this study. Therefore, there is room to improve in the future. In parametric studies, the tunnel forces and soil pressure 
initially increased and then decreased after crossing a certain angle of incidence of seismic waves, according to bi-directionality. 
However, these synchronized behaviors were not seen for a single directional effect. In addition, the validation result of the 
bi-directional bending moment of the tunnel is nearly close. Therefore, it is essential to consider the bi-directionality in the 
interactive analysis. 
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1.  INTRODUCTION 
The bi-directional procedure addresses two approaches of 

seismic excitations, which have anti-plane of SH wave and 
in-plane of SV either P waves when the interaction system is 
affected by these waves. Several authors (Yih 2003; Meguid and 
Mattar 2009; Abdullah et al. 2013; Preeti and Jagan 2017; 
Deepankar et al. 2018) studied tunnel-soil-pile interaction for 
various loading conditions. Also, analytical formulae and numer-
ical methods were developed by considering some parameters 
and assumptions, whereas tunnel forces and soil pressure of field 
observations were nearly close to these theoretical results. Tunnel 
forces have caused displacements, and piles have influenced the 
interactive tunnel force when soil is an interactive medium and 
acts as a linearly elastic spring. Ground movement is a vital issue 
during tunneling because it occurs during surface settlement, and 
disturbance of superstructure causes this settlement. Therefore, 
several authors (Lee et al. 1994; Coutts and Wang 2000; Tham 
and Deutscher 2000) evaluated tunneling-induced ground move-
ments. Various numerical codes performed the numerical analy-
sis, and evaluation of the bi-directional effect is possible from 
this analysis; however, some authors (Tabatabaiefar et al. 2013; 
Luan et al. 2015; Wen et al. 2017) have completed tunnel-   
soil-pile interaction by considering a single directional effect. 
That interaction represented behaviors of tunnel forces, soil 
pressure, and pile forces. In addition, it occurred when seismic 
shaking acted in the longitudinal direction of the tunnel. Several 
authors (Zhiming and Sanyuan 2008; Marshall and Haji 2014) 
developed analytical formulae based on Winkler’s model and 
performed the finite element formulations in numerical analysis. 
The single directional wave effect also considered these condi-

tions. The analytical formulations consist of some assumptions 
and do not include overall interaction behaviors. In some cases, 
results by using these formulae are nearly close to the numerical 
and field investigation results. Moreover, some authors (Chen et 
al. 1999; Kitiyodom et al. 2005; Lee et al. 2005; Cheng et al. 
2007) predicted the variations of tunnel-soil-pile interaction re-
sults by using analytical, numerical, and field investigation pro-
cedures. The bi-directional effect of seismic excitation on the 
tunnel-soil-pile interaction system is uncertain. The single direc-
tional event of seismic excitation is a common problem, although 
in most cases this phenomenon has not occurred. 

The model proposed in this study is designed for 
bi-directional seismic excitation, where the interacting system is 
simultaneously affected by the two types of anti-plane and 
in-plane seismic waves. However, the bi-directionality of the 
exciting wave is uncertain. The interactive analytical formulae of 
this model control the bi-directional mechanism. Therefore, to 
avoid complications, some assumptions are made for the materi-
als such as homogeneity, isotropy, linear elasticity, and un-
damped infinite medium. 

2.  PROPOSED TUNNEL-SOIL-PILE  
INTERACTIVE MODEL FOR 
BI-DIRECTIONALITY 

Two types of problems involve the bi-directional analysis 
as anti-plane and in-plane where the anti-plane SH wave inci-
dence is reversed with either an in-plane P or SV wave. The 
SH waves also form an angle with the longitudinal axis of the 
tunnel shown in Fig. 1. One of the components of the anti-   
plane wave is equal to the in-plane waves. The tunnel, pile, 
and soil are divided into small parts according to the 
bi-directional analysis, and each small part contains all the 
characteristics required for the analytical formulations. Sever-
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al vertical elements (piles) stand parallel to the longitudinal 
axis of the tunnel, and the tunnel passes along the bodies to 
maintain spacing. To reduce the complexity of developing the 
analytical formula, the spacing of the front piles along the 
longitudinal direction of the tunnel was not considered. Also, 
the rear pile spacing is not considered for the same reason. 
These formulas, by applying a generalized equivalent tech-
nique, give a suitable effect of various magnitudes along the 
tunnel body. The diameters of piles are variable, and the dis-
tance between the tunnel and vertical element is also a 
changeable parameter, where the tunnel and this element 
connect a homogeneous, isotropic, elastic, and infinite soil 
medium. This medium acts as an equivalent linear spring. 
One of the simplified sinusoidal wave incidents at an angle 
with the longitudinal axis of the tunnel in the anti-plane of 
XY in Fig. 1. If it is an SH wave with no reflection observed 
on the tunnel body, any type of reflective wave is not included 
in the current formulations. To avoid complexity, the current 
formulation does not include reflected waves. Another reason 
is that after reflection (P or SV waves) on the tunnel body, its 
frequency gradually decreases or is absorbed by the sur-
rounding soil. This is because the soil is considered a homo-
geneous medium in current formulations. Therefore, there is 
no possibility of further reflection or refraction on the soil 
body. At the same time as the SH wave, one of the in-plane 
sinusoidal waves (P or SV) incidents at an angle with the lon-
gitudinal direction of the tunnel at a similar location, which 
consists of the plane of XZ shown in Fig. 1. 

This study was carried out in the frequency domain to avoid 
complex time-domain formulations, and the simplified seismic 
wave motion was a function of dimensionless frequency, where 
that frequency was the ratio of the incident wavelength to the 
characteristic wavelength. The incident wavelength depends on 
the characteristics and length of seismic waves. In addition,    
variations in tunnel forces and soil pressure control the wave-
length variations. However, some assumptions in this study apply 
due to the reduced complexity of developing analytical formula-
tions. Radiation damping or any damping of the materials is not 
addressed in this study. To confirm the effect of each material     

 
Fig. 1  Proposed tunnel-soil-pile interactive bi-directional model 

on seismic motion, it is necessary to predict the behavior of the 
structure under undamped conditions. In practice, all materials 
have specific damping properties. 

3.  BI-DIRECTIONAL FORMULAE OF  
PROPOSED TUNNEL-SOIL-PILE  
INTERACTIVE MODEL 

The tunnel-soil-pile interactive model is affected by hori-
zontal shear (SH), vertical shear (SV), and body (P) waves. 
Therefore, forces of tunnel and soil pressures are the function of 
incident angles, amplitudes, wavelengths, etc., under various 
seismic loadings. Formulae are developed based on the un-
damped condition of simplified seismic wave-like sinusoidal 
waves, where a tunnel places the infinite soil medium for the 
development of formulations, which acts as a beam to connect by 
a series of piles with the linear elastic springs. So, the combined 
flexural rigidity of tunnel and vertical elements is affected by the 
present formulations. These formulations are free from the effect 
of the inertial forces of the tunnel as well as vertical elements. 
However, the forward propagating wave, which is a function of 
space and time, influences the combined curvature of the tunnel 
and pile. The bending moment, shear force, and soil pressure 
depend on this curvature. 

3.1  Formulae of SH Wave 

The horizontal shear (SH) wave acts at an angle with the 
longitudinal axis of the tunnel, and the in-plane wave has a pres-
ence in the system. So, two components influence this system, 
whether the curvature of the tunnel is the function of two anti-    
plane and in-plane components of the incident waves. These are 
the same in the X and Z directions components of the SH wave in 
Fig. 1. On the other hand, moment, shear, and soil pressure are 
the function of curvature. Vector representation of displacement 
of bi-directionality, derivation of curvature, and curvature for the 
moment have expressed the Eq. (1), Eqs. (2a) and (2b), respec-
tively. The curvature of the tunnel is the function of the pile. It 
obtains partial differentiation of displacement under the space. 
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The elastic moduluis of tunnelling and piles are the same, 
but they differ from soil. The flexural rigidity is the function of 
the modulus of elasticity, the moment of inertia, and the distance 
between the tunnel and piles (Eq. (3)). 
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The interactive factor comes from the solution of the 
fourth-order generalized beam deflection equation. Formulae of 
this interaction system have been developed to consider the 
equivalent beam of the tunnel, which connects the piles by the 
linear elastic spring. This factor is the function of spring stiffness 
which comes from Kelvin’s solution (John and Zahrah 1985), so 
the reduction factor is expressed by Eqs. (4a) and (4b). 
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The interactive moment matrix comes from the multiplica-
tion of curvature, interactive factor, and flexural rigidity of the 
proposed model, as shown in Eq. (5a). The final form of the in-
teractive bi-directional moment for the SH wave is given by Eq. 
(5b). 
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( ) ( ) ( ) ( ) ( )[ ] [ / / ]I SH x SH R Mx SH z SH R Mz SHM R C R C= ρ + ρ  (5b) 

The interactive shear force matrix is the function of the in-
teractive moment, and it comes from the partial differentiation of 
the interactive moment under the space as represented by Eq. (7), 
whether the derivative forms of shear force and curvature for the 
shear force express the Eqs. (6a) and (6b), respectively.  

( ) ( )[ ] [ ]I SH I SHV M
x

∂=
∂

  (6a) 

( )

( )

( )

1
{1 } 0

1

Vx SH

V SH

Vz SH

 ρ 
 ρ =  
 ρ 

 

 

3
3

 

3
4

 

2 2sin cos cos
cos

0

2 2cos

/

cos
cos/

SH SH SH
SH SH SH

SH SH
SH SH SH

XA
L L

XA
L L

    π
 −   
    
 =  
 

   π −       

π ϕ ϕ
ϕ

 

π ϕ
ϕ

 

  (6b) 

( ) ( ) ( ) ( ) ( )[ ] [ / / ]I SH x SH R Vx SH z SH R Vz SHV R C R C= ρ + ρ  (7) 

Similarly, the interactive soil pressure matrix finds the 
partial differentiation of interactive shear force shown in Eq. 
(9). In the same way as for interactive shear, the derivation 
forms of soil pressure and curvature for the soil pressure are 
given by Eqs. (8a) and (8b), respectively. 

( ) ( )[ ] [ ]I SH I SHP V
x

∂=
∂

  (8a) 

( )

( )

( )

1
{1 } 0

1

Px SH

P SH

Pz SH

 ρ 
 ρ =  
 ρ 

 

   

4
4

4
5

2 2sin cos sin
cos

0

2 2cos sin
cos

/

/

SH SH SH
SH SH SH

SH SH
SH SH SH

XA
L L

XA
L L

    π π
 ϕ   
    
 =  
 

   π π 
     

ϕ

ϕ
ϕ 

ϕ

 

 

  (8b) 

( ) ( ) ( ) ( ) ( )[ ] [ / / ]I SH x SH R Px SH z SH R Pz SHP R C R C= ρ + ρ  (9) 

Horizontal spring stiffness is the function of the phase wave 
velocity. The characteristic length is given by Eq. (10). The 
phase wave velocity of the SH wave relates the Poisson’s ratio of 
soil, tunnel diameter, and soil elastic modulus, and this stiffness 
comes from Kelvin’s solution, which was described by John and 
Zahrah (John and Zahrah 1985). 
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3.2  Formulae of SV Wave 

The vertical shear (SV) wave propagates in the in-plane di-
rection, and the SH wave acts as an anti-plane wave which is the 
same as the one component of the SV wave, so in this case, the 
incident angle contains two angular parts along the tunnel longi-
tudinal and vertical directions. Therefore, vector representation 
of displacement of bi-directionality, double derivation of the 
vector forms displacement, and the moment-curvature are given 
by Eq. (11), Eqs. (12a), and (12b), respectively. 
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In this case, the reduction factor depends on the horizontal 
and vertical spring constants. Horizontal and vertical spring 
stiffnesses come from the solution of Kalvin and Flamant prob-
lems (John and Zahrah 1985). So this factor of SV wave a\is 
expressed as Eqs. (13a) and (13b). The vertical spring constant is 
related to the body (P) wave velocity and the characteristic length 
of the SV wave. Also, it is the function of the tunnel diameter as 
represented by Eq. (14). 
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The interactive moment matrix of the SV wave is the func-
tion of the curvature of the moment, reduction factor, and flexur-
al rigidity, so the final mathematical form of this moment can be 
obtained from the multiplication of these functional parameters 
as expressed by Eqs. (15a) and (15b). 
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The interactive shear force matrix of the SV wave is ob-
tained by partial differentiation of interactive moment as shown 
in Eq. (16a), so the curvature for shear force and the final form of 
the interactive shear force matrix are represented by Eq. (16b) 
and Eq. (17). 
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An interactive soil pressure matrix finds the partial differen-
tiation of the interactive shear force matrix under the space. The 
derivation form is given by Eq. (18a). The curvature for soil 
pressure and the final product of the interactive soil pressure ma-
trix are given by Eq. (18b) and Eq. (19). 
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3.3  Formulae of P Wave 

The body (P) wave propagates the in-plane direction at an 
angle with the longitudinal axis of the tunnel, and one of its 
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components is equal to the anti-plane SH wave. The vector rep-
resentation of displacement due to the bi-directionality is ex-
pressed by Eq. (20). The curvature of the P wave finds the double 
differentiating of the final form of the equation of motion under 
the space, which is shown by Eq. (21a). Also, the final version of 
the curvature is given by Eq. (21b).  
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The tunnel considers a beam element for the derivation of 
the bi-directional formulations. The reduction factor of the body 
wave relates to the horizontal spring stiffness (Eq. (22a)), and the 
final form of the reduction factor for the P wave was obtained by 
solving the fourth-order generalized differential equation of beam, 
as shown by Eq. (22b).  

( ) ( ) ( ) ( ) ( ){ } { } { 0 }P x P y P z P x P z PR R R R R R= =  (22a) 

PR =  

1 14 4
4 42 21 cos 0 1 cos

P

R R
P P

fh P fh

C C
k L k L

− −     + ϕ + ϕ    


   π π   
        

 

  (22b) 

The interactive moment matrix of the P wave obtains the 
multiplication of the reduction factor, the curvature, and flexural 
rigidity, respectively (Eq. (23a)), and the final form of the inter-
active moment is given by Eq. (23b).  
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The interactive shear force matrix is obtained by partial dif-
ferentiating of the interactive moment matrix as shown in Eq. 
(24a), and the final form of the interactive shear force is ex-
pressed in Eq. (25), where the curvature for the shear force is 
given by Eq. (24b). 
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( ) ( ) ( ) ( ) ( )[ ] [ / / ]I P x P R Vx P z P R Vz PV R C R C= ρ + ρ  (25) 

An interactive soil pressure matrix gets the partial differen-
tiation of the interactive shear force matrix under the space, as 
shown by Eq. (26a). Also, the final form of this equation relates 
to the curvature. So, the curvature and final form of the soil 
pressure of the P wave can be expressed by Eq. (26b) and Eq. 
(27). 
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( ) ( ) ( ) ( ) ( )[ ] [ / / ]I P x P R Px P z P R Pz PP R C R C= ρ + ρ  (27) 

The interactive force matrixes are a function of the angle of 
incident, the amplitude of waves, the wavelength of waves, mod-
ulus of elasticities of soil, pile and tunnel, a moment of inertia of 
tunnel and vertical elements, etc., The bi-directional formulations 
are developed based on the anti-plane consideration of the SH 
wave and the in-plane assumption of the SV or P waves. 
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4.  PARAMETRIC STUDIES OF PROPOSED 
MODEL 

An analytical formulation was developed to account for the 
bi-directionality of seismic waves. Parametric studies of the sin-
gle and bi-directional effects of seismic excitations are carried 
out. Therefore, some necessary data are assumed for this study. 
The amplitude of the SH and SV waves is 100 mm, and the am-
plitude of the P wave is two-thirds that of the SH or SV waves. 
The length of SH and SV waves is the same, which is 12,500 mm. 
It is 25,000 mm for the P wave. For analysis, one-fourth of 
wavelength is assumed for analysis. The modulus of elasticities 
of the tunnel and piles are the same, but the soil is different. This 
value is 4,200 N/mm2 for the tunnel and vertical element of the 
model. Also, it is 24 N/mm2 for the surrounding medium. The 
diameters of the tunnel and pile are 11,800 mm and 500 mm, 
respectively. The distance between the tunnel body and pile face 
is 7,000 mm, which is constant. Poisson’s ratio of soil was as-
sumed to be 0.49. 

4.1  Tunnel Moment 

The interactive tunnel moment varies with the variations of 
various seismic wave incident angles. Initially, the magnitude of 
moments of SH and SV waves is low to consider the single and 
bi-direction. For P waves, the initial moment of single-direction 
is small but is high for the bi-direction. The interactive moment is 
maximum at an angle of 75° for SH and SV waves. In this loca-
tion, the difference between the two methods is also the highest. 
Also, in this location, the interactive moment due to the 
bi-directional is almost five times higher than single direction 
considerations for SH and SV waves. The axial component of 
displacement is the main factor of variations between single and 
bi-directional results. The maximum moment indicates the worst 
condition or yielding of the tunnel structure. There are no result 
variations when the angle seems nearly zero and ninety degrees 
for SH and SV waves. For P waves, moment variation is similar 
to SH and SV waves based on both considerations. In addition, 
the moment is maximum at an angle of nearly 68° for single and 
bi-direction, while the bi-directional tunnel moment is 1.5 times 
higher than a single direction. Figure 2 represents interactive 
moment variations of SH, SV, and P waves. 

4.2  Tunnel Shear Force 

The tunnel shear gradually decreases with the increment of 
incident angles based on the single direction consideration for SH 
and SV waves. In bi-directionality, the shear force increases ini-
tially, then decreases gradually. Shear forces are maximum at an 
angle of nearly 70° based on bi-directionality for SH and SV 
waves. The bi-directional shear force is almost four times higher 
than the single direction consideration. For the P wave, the tunnel 
shear gradually increases with the increment of incident angles 
based on both cases. The shear force shows the maximum value 
at an angle of nearly 60° for the single direction. Also, it gives 
the maximum value at an angle of close to 55° for   
bi-directionality. In the P wave, the bi-directional shear of the 
tunnel is almost 1.5 times higher than the single direction   
consideration. So, the shear force of the tunnel is critical within 
the zone of 55° to 70°. The main reason for variations of results 
between single and bi-directionality is the axial component of  

 

 

 
Fig. 2 Variations of interactive tunnel moments for various 

seismic waves 

 

 

 
Fig. 3 Variations of interactive tunnel shears for various seismic 

waves 
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incident angles. Figure 3 expresses the tunnel shear variations of 
various seismic waves. 

4.3  Soil Pressure 
For bi-direction and SH, SV, and P waves, the interactive 

soil pressure increased initially and decreased after a certain level. 
The soil pressure decreased gradually based on the single direc-
tion consideration of SH and SV waves, and it becomes maxi-
mum when the angle becomes zero. Also, it has a minimum at 
angles close to ninety degrees. For the P wave, the maximum soil 
pressure was observed for the inclination of close to 50°, based 
on the single directional seismic excitation. An angle of almost 
40° for bi-directionality is required for interactivity. The maxi-
mum interactive soil pressure difference between single and 
bi-directionality exhibits a gradient of nearly 45° for SH and SV 
waves. Figure 4 shows the variations of soil pressures for SH, SV, 
and P waves. 

 

 

 
Fig. 4 Variations of interactive soil pressures for various seis-

mic waves 

5.  VALIDATION OF PROPOSED MODEL 
BI-DIRECTIONAL FORMULAE 

The bi-directional formulae of the present study validated 
the previous study (Lu et al. 2018), which was associated with 
Wang (1993), Penzien (2000), Bobet (2003), and Corigliano 
(2007). Therefore, the present research incorporates those ana-

lytical formulae results for more clarification. In that paper, nu-
merical analysis was performed by Midas 2D and Midas 3D. The 
present study conducts the same analysis using analytical formu-
lae of bi-directionality. More data are available in the previous 
research, but only necessary data were used for validation pur-
poses. Depth of tunnel, the diameter of the tunnel, unit weight of 
soil, Poisson’s ratio of soil, modulus of elasticity of soil, unit 
weight of tunnel lining material, Poisson’s ratio of the tunnel, the 
thickness of tunnel lining, and modulus of elasticity of tunnel 
were found to be 50 m, 10 m, 20 kN/m3, 0.25, 1.03 GPa, 25 
kN/m3, 0.25, 0.5 m and 38015 MN/m2, respectively. The hori-
zontal shear (SH) and body (P) waves acted along the transverse 
in the anti-plane direction and vertical axes in the in-plane direc-
tion of the tunnel. Validation results of SH and P waves are rep-
resented in Tables 1 and 2. 

Table 1  Validation of bi-directional formulations for SH wave 

Interactive 
tunnel 
force 

Present 
study 

Eq. (5)

Previous studies results 

Wang
(1993)

Penzien 
(2000) 

Bobet 
(2003) 

Corigliano
(2007) 

MIDAS 
(2D) 

MIDAS 
(3D) 

Maximum 
bending 
moment 
(kN-m)

260.2 261.5 260.2 213.8 213.8 243.1 272.7

Table 2  Validation of bi-directional formulations for P wave 

Interactive 
tunnel force

Present 
study  

Eq. (23)

Previous studies results 

Bobet  
(2003) 

Corigliano 
(2007) 

MIDAS 
(2D) 

MIDAS 
(3D) 

Maximum 
bending 
moment 
(kN-m)

320.3 262.0 280.4 303.3 313.5 

Validation results of SH and P waves are very close to each 
other. For the SH wave, the sequel of the present study decreases 
by 4.6% from the outcomes of Midas (3D). Similarly, this study 
result increases by 2.2% from the Midas (3D) solution.   

6.  CONCLUSIONS 

The effect of bi-directionality controls tunnel forces and soil 
pressures. Also, variations of the results maintain a sequence 
without any types of fluctuations. The tunnel forces and soil 
pressures of bi-directional consideration are higher than the sin-
gle direction due to the axial component of displacement. In ad-
dition, these forces and pressures have reached maximum values 
by maintaining a critical angle for most of the seismic waves 
based on both considerations. At the optimum angle, the stabili-
ties of soil and tunnel reached the maximum level. When seismic 
waves acted perpendicular to the tunnel axis, the tunnel forces 
and soil pressures gave minimum values. The tunnel structural 
behaviors are affected by the material properties of soil and ex-
ternal seismic excitations. In practice, the transverse anti-plane 
component of the SH wave and the vertical in-plane part of the 
SV or P wave during seismic excitations disturbed the tunnel 
body and surrounding soil medium. The bi-directional formulae 
of the proposed model show the maximum behaviors of interac-
tive systems such as tunnels, piles, and surrounding soil medium. 
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To avoid the complexity of developing the interaction formula-
tions, the refractive, scattering, and mode conversion phenomena 
were not considered in the study. Therefore, there is room for 
future research to enhance this study by overcoming these limita-
tions.  
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NOMENCLATURE 

 Afp Cross sectional area of piles (m2) 
 AP Displacement amplitude of body wave (mm) 
 ASH Displacement amplitude of transverse horizontal shear 

wave (mm) 
 ASV Displacement amplitude of vertical shear wave (mm) 
 B Constant for vertical shear wave (kN/m) 
 C Constant for transverse horizontal shear wave and body 

wave (kN/m) 
 df(T−P) Linear distance between piles face and tunnel body face 

(mm) 
 dP Diameter of pile (mm) 
 dT Diameter of tunnel (mm) 
 EP−T Modulus of elasticity of piles or tunnel (N/mm2) 
 Es Elastic modulus of soil (N/mm2) 
 FE Finite Element 
 Gs Shear modulus of soil (N/mm2) 
 IfP Centroidal axes moment of inertia of piles (m4) 
 IT Centroidal axis moment of inertia of tunnel (m4) 
 k Maximum numerical number (-) 
 kfh Gross spring constant/stiffness of transverse horizontal 

shear wave and body wave (kN/m/m) 
 kfv Gross spring constant/stiffness of vertical shear wave 

(kN/m/m) 
 LP Wave length of body wave (mm) 
 LSH Wavelength of transverse horizontal shear wave (mm) 
 LSV Wave length of vertical shear wave (mm) 
 MI(P) Interactive bending moment of body wave (MN-m) 
 MI(SH) Interactive bending moment of transverse horizontal 

shear wave (MN-m) 
 MI(SV) Interactive bending moment of vertical shear wave 

(MN-m) 
 PI(P) Interactive soil pressure of body wave (MN/m) 

 PI(SH) Interactive soil pressure of transverse horizontal shear 
wave (MN/m) 

 PI(SV) Interactive soil pressure of vertical shear wave (MN/m) 
 RP Reduction factor of body wave (m) 
 RSH Reduction factor of transverse horizontal shear wave 

(m) 
 RSV Reduction factor of vertical shear wave (m) 
 Rx(P) Reduction factor of body wave in X direction (m) 
 Rx(SH) Reduction factor of transverse horizontal shear wave in 

X direction (m) 
 Rx(SV) Reduction factor of vertical shear wave in X direction 

(m) 
 Ry(P) Reduction factor of body wave in Y direction (m) 
 Ry(SH) Reduction factor of transverse horizontal shear wave in 

Y direction (m) 
 Ry(SV) Reduction factor of vertical shear wave in Y direction 

(m) 
 Rz(P) Reduction factor of body wave in Z direction (m) 
 Rz(SH) Reduction factor of transverse horizontal shear wave in 

Z direction (m) 
 Rz(SV) Reduction factor of vertical shear wave in Z direction 

(m) 
 uP Total displacement of body wave (mm) 
 uSH Total displacement of transverse horizontal shear wave 

(mm) 
 uSV Total displacement of vertical shear wave (mm) 
 ux(P) Displacement of body wave in X direction (mm) 
 ux(SH) Displacement of horizontal shear wave in X direction 

(mm) 
 ux(SV) Displacement of vertical shear wave in X direction 

(mm) 
 uy(P) Displacement of body wave in Y direction (mm) 
 uy(SH) Displacement of horizontal shear wave in Y direction 

(mm) 
 uy(SV) Displacement of vertical shear wave in Y direction 

(mm) 
 uz(P) Displacement of body wave in Z direction (mm) 
 uz(S) Displacement of horizontal shear wave in Z direction 

(mm) 
 uz(SV) Displacement of vertical shear wave in Z direction 

(mm) 
 VI(P) Interactive shear force of body wave (MN) 
 VI(SH) Interactive shear force of transverse horizontal shear 

wave (MN) 
 VI(SV) Interactive shear force of vertical shear wave (MN) 
 X, Y, Z Global axes  
 ϕSH Angle of incident of transverse horizontal shear wave 

with the tunnel axis (°) 
 ϕSV Angle of incident of vertical shear wave with the tunnel 

axis (°) 
 ϕP Angle of incident of body wave with the tunnel axis (°) 
 ρM(P) Radius of curvature for body wave (mm) 
 ρM(SH) Radius of curvature for horizontal shear wave (mm) 
 ρM(SV) Radius of curvature for vertical shear wave (mm) 
 ρMx(P) Radius of curvature for body wave in X direction (mm) 
 ρMx(SH) Radius of curvature for horizontal shear wave in X di-

rection (mm) 
 ρMx(SV) Radius of curvature for vertical shear wave in X  

direction (mm) 
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 ρMy(P) Radius of curvature for body wave in Y direction (mm) 
 ρMy(SH) Radius of curvature for horizontal shear wave in Y  

direction (mm) 
 ρMy(SV) Radius of curvature for vertical shear wave in Y  

direction (mm) 
 ρMz(P) Radius of curvature for body wave in Z direction (mm) 
 ρMz(SH) Radius of curvature for horizontal shear wave in Z  

direction (mm) 
 ρMz(SV) Radius of curvature for vertical shear wave in Z  

direction (mm)  
 υs Poisson’s ratio of soil  
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