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BEHAVIOR OF APPARENT DISPERSION CURVE AND
ITS IMPLICATION TO MASW TESTING

Chih-Ping Lin ', Almira Sufwandini Putri?, Tsai-Jung Wu?, and Ernian Pan*

ABSTRACT

Despite their efficiency and usefulness in geotechnical engineering, the un-standardized surface wave methods are still limited
in certain aspects. Among these methods, the MASW (multi-station analysis of surface wave) is the more popular one nowadays.
The MASW is mainly based on picking the fundamental-mode dispersion curve for shear-wave velocity inversion. However, the
fundamental mode may not always dominate. This study investigates specifically under what condition and how higher modes may
affect the apparent dispersion curves, i.e., apparent from dispersion analysis of seismic recordings. Four simplified yet distinct types
of shear-wave velocity profiles were used to examine the experimental dispersion characteristics in relation to their theoretical
modal dispersion curves. When there is an embedded layer which is softer than the surface layer, the dominant mode jumps to
higher modes at wavelength greater than the bottom depth of the soft layer. As the soft layer moves deeper, the information
contained in the fundamental-mode inversion is reduced. The transition between different modes may be smooth and the apparent
dispersion curve may appear as a single mode. When multiple modes do separate, there is no fixed pattern as to which higher mode
would dominate the sequence of mode jumping. Therefore, definite assignment of mode numbers in multi-mode inversion is
unlikely. This study not only reveals this potential pitfall, but also shows remarkable difference in dispersion images and patterns
of dominant higher modes in response to different velocity profiles. A modified simplified inversion can correctly detect the
embedded soft layer and the type of velocity profile, but the accuracy is not always good. More rigorous inversion based on the
apparent dispersion curve or dispersion spectrum is imperative to further improve the reliability of the MASW method.

Key words: Surface wave, dispersion curve, multi-channel analysis of surface wave (MASW), spectral analysis of surface wave

(SASW).

1. INTRODUCTION

Seismic surface wave method, which is based on phase-
velocity dispersion in response to vertical variation of shear-wave
velocity, is one of the most relevant geophysical methods in ge-
otechnical engineering. It provides estimation of ground stiffness
(in terms of shear modules or shear-wave velocity) in a non-
invasive manner with a large sample volume. It has been an effi-
cient tool for assessing soil dynamic properties, soil liquefaction,
soil-structure interaction, and static deformation (Tokimatsu 1995;
Lin et al. 2004; Di Benedetto et al. 2003; Stokoe et al. 2004). Alt-
hough the shear modulus derived from the seismic surface wave
method is a small-strain elastic measurement, non-destructive
in-situ measurement of small-strain modulus is a critical compo-
nent in predicting the non-linear stress-strain relation in the field
(Stokoe et al. 2004). Nonetheless, many geotechnical practitioners
are still not confident to replace down-hole seismic (or down-hole
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CPT) and cross-hole seismic methods with the surface wave
method. This is partly due to the non-uniqueness nature in geo-
physical methods and the lack of standard for the surface wave
method.

All seismic surface wave methods involve three distinct
steps: (1) field testing to acquire time and space-sampled surface
waves (typically the Rayleigh waves); (2) signal processing to
obtain dispersion curve from field data; and (3) inversion for
shear-wave velocity (Vs) from the apparent dispersion curve.
Different variants of surface-wave methods take different ap-
proaches in one or more of these three steps. Among these
methods, Spectral Analysis of Surface Waves (SASW) (Heisey et
al. 1982; Joh 1996) and Multi-channel Analysis of Surface
Waves (MASW) (Park et al. 1999; Xia et al. 1999) are the two
major iconic approaches with more of geotechnical and geophysi-
cal inheritance, respectively. The SASW method was developed
much earlier requiring only two receivers and a two-channel
dynamic analyzer. It is not possible to identify different
propagation modes with only two-station data; hence the
obtained phase velocity of each frequency component is deemed
apparent when there are multiple modes. With the advancement
of hardware and signal processing techniques, the MASW method
was later proposed taking advantage of the multi-station data,
from which different propagation modes can be identified by
wavefield transformation. That is, distinct phase velocities corre-
sponding to different propagation modes can be identified if the
space window of the wavefield is sufficiently large (Lin and Chang
2004).
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A detailed comparison of these two methods in terms of dis-
persion analysis was reported (Lin ef al. 2017). The two methods
also differ in the inversion step. Due to the apparent nature of the
dispersion analysis, the SASW method emphasizes the inversion
based on computation of apparent dispersion curve, which is
more computationally involved than the fundamental-mode dis-
persion curve (Joh 1996; Ganji et al. 1998). On the contrary, with
the capability of distinguishing multiple modes, the MASW
method is mainly based on the fundamental-mode inversion and
optionally multiple-mode inversion (Xia et al. 2003). The appar-
ent dispersion curve has to be computed from the dynamic re-
sponse, while theoretical modal dispersion curve is derived from
a characteristic equation corresponding to the free vibration
without actually solving for the dynamic response. The MASW
method is gaining popular in practice due to its efficient, robust,
and objective dispersion analysis with intuitive dispersion visu-
alization, as well as efficiency in the inversion analysis. However,
many MASW testing results revealed that clear fundamental
mode may not be obtained or separated from higher modes in
some frequency range. The resolution of dispersion spectrum im-
age depends on the receiver spread length (Lin and Chang 2004).
More importantly, dominance of higher modes may take place
depending on the earth profile. It has been pointed out that higher
modes may dominate at higher frequencies in inverse velocity
profiles or when there are embedded soft layers, while the fun-
damental mode generally dominates across all frequencies in
regular velocity profiles where shear wave velocity increases
with depth (Lucena and Taioli 2014; Lu et al. 2015). Although
there has been a general understanding of possible higher modes,
it is not clear exactly when and how higher modes would domi-
nate. Thus, the objective of this study is to investigate the behav-
ior of the surface wave dispersion in the context of MASW test-
ing. The dispersion characteristics observed from the finite-
length MASW data are examined and compared with the theo-
retical modal dispersion curves for different types of earth pro-
files. The implications of the dispersion behavior on MASW data
inversion are thoroughly discussed in this study.

2. METHODS

To explore the behavior of the surface-wave dispersion, a few
synthetic models for dynamic response simulation are set, so that
the ground truth is known. These synthetic models are simplified
yet very different and typical earth velocity profiles. This allows
us to capture the behavior pattern of the apparent dispersion curve.
As illustrated in Fig. 1, these representative models include: (a)
normal profile (increasing velocity with depth); (b) inverse profile
(decreasing velocity with depth); (c) velocity profile; and (d) com-
plex velocity profile. The complex velocity profile type (Fig. 1(d))
is frequently encountered in the field where a stiffer surface layer
exits due to soil desiccation. There are totally sixteen synthetic
models derived from these four types of velocity profiles with dif-
ferent velocity variations. When performing dynamic response and
modal dispersion curve analyses, the Poisson’s ratio was fixed at
0.33 and the typical densities corresponding to the stiffness were
used. Since the surface wave dispersion is dominated by the shear
wave velocity (Vs), Fig. 1 and later figures show only the shear
wave velocity profiles for simplicity.

Vs Vs Vs Vs

(2) (b) © (d)

Fig.1 Four types of velocity profiles investigated: (a) normal ve-
locity profile; (b) inverse velocity profile; (c) velocity pro-
file; and (d) complex velocity profile

Different definitions of dispersion curves are first clarified.
Given the velocity profile of a layered medium, the wave equation
leads to a characteristic equation, in which multiple possible roots
of phase velocity (V) (or wavenumber) can be found for each fre-
quency. These solutions are the modal dispersion curves, in which
the fundamental mode is the solution with the lowest Vyi(f), and
roots of higher phase velocities are higher modes. Different modes
may contribute, to some degree, to the actual dynamic response.
The actual participating modes in a dynamic response can be re-
vealed from the acquired multi-station wavefield data using a
wavefield transformation to be explained later. Ideally, it is possi-
ble to obtain the contribution percentage of each participating
mode if the complete lossless wavefield can be captured. However,
due to limited number of geophones and wave attenuation, only a
truncated version of the complete wavefield is experimentally ac-
quired. The peaks of the frequency-phase velocity spectrum in the
wavefield transformation correspond to the effective or apparent
dispersion curve. The apparent dispersion curve is surely governed
by the velocity profile of the layered medium, but also affected by
the location and size of the geophone array. This study is aimed at
scrutinizing the behavior of apparent dispersion curve in relation
to theoretical modal dispersion curves and velocity profiles.

2.1 Theoretical Modal Dispersion Curves

Two popular methods for determining the modal dispersion
curves of a horizontally layered medium are the transfer matrix
method (Thomson 1950; Haskell 1953) and global stiffness matrix
method (Kausel and Roesset 1981). The more stable stiffness ma-
trix method was adopted in this study. For a horizontally layered
medium, as shown in Fig. 2, and assuming axial symmetric motion
(i.e., ground motion subjected to a circular vertical loading), the
element stiffness matrix, which relates the tractions and displace-
ments at the upper and lower interfaces of the layer, can be derived
from the general solution of wave equation in the frequency ()
and wavenumber (k) domain (Kausel and Roesset 1981). In a
manner similar to the finite element method, the element stiffness
matrix can be assembled into a global stiffness matrix [K], relating
the nodal forces to the nodal displacements at the layer interfaces.
The natural (free) modes of the Rayleigh wave are obtained by
considering a system without external loading (i.e., zero force vec-
tor). To obtain the non-trial solution, the determinant of the global
stiffness matrix [K(w, k)] has to be zero. For a given frequency,
the value of the wavenumber, and hence the phase velocity Vpn =
w/k, can be determined by setting the determinant of global
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Fig.2 Illustration of dynamic response in a horizontally layered

medium and MASW field testing layout

stiffness matrix equal to zero. This is basically a root finding prob-
lem. Different wavenumbers (or phase velocities) determined at a
given frequency correspond to dispersion curves with different
modes. For instance, the largest wavenumber, hence the lowest
phase velocity, for a given frequency belongs to the fundamental
mode of the theoretical modal dispersion curves; the second larg-
est wavenumber belongs to the first higher mode of the theoretical
modal dispersion curves (for simplicity, fundamental mode and i
higher mode will be used to indicate the fundamental mode and i
higher mode of theoretical modal dispersion curves, respectively).
An open-source software, MASWaves (Olafsdottir et al. 2018),
contains a function (MASWaves_theoretical dispersion_curve.m)
for computing the fundamental-mode dispersion curve in terms of
the wavelength vs. phase velocity. This function was modified to
include solutions for higher modes and to present the dispersion
curves in terms of frequency vs. phase velocity.

2.2 Dynamic Response

While the dispersion relation is obtained by setting a zero
traction condition at the surface (i.e., corresponding to free vibra-
tion) and finding the roots of the characteristic equation (i.e., de-
terminant of [K] equals to 0), the dynamic response is determined
by setting the loading boundary condition and solving for the in-
duced displacements or stresses. Finding the modal dispersion
curves is much faster than computing the dynamic response sub-
jected to a circular loading. However, in order to investigate the
behavior of the field apparent dispersion curve, accurate dynamic
response of the actual wavefield is needed. Normally in complex
2D or 3D conditions, finite element or finite difference methods
are often used for such simulations. For a horizontally-layered sys-
tem, complete analytical solutions can be found in the frequency-
wavenumber domain, and numerical integration or transformation
can be used to calculate the dynamic response in the time-space
domain (Kausel and Roesset 1981; Roesset and Shao 1985; Al-
Khoury et al. 2001; Liu and Pan 2018). This gives the synthetic
data for MASW testing illustrated in Fig. 2. For this study, our
objective is to investigate the dispersion behavior in the frequency
domain. Therefore, only the frequency response is required (i.e.,
the seismic source illustrated in Fig. 2 is a time-harmonic loading
proportional to &®). This is equivalent to the Fourier transform of
the field data subject to an impact loading. In this manner, we save
the inverse transform computation of the wavefield from fre-
quency to time domain.

In order to compute the frequency response at the designated

receiver locations, as illustrated in Fig. 2, the dynamic version of
a layered elastic analysis (LEA) code called MultiSmart3D (e.g.,
Alkasawneh et al. 2007; Liu and Pan 2018) was used. It is based
on a novel cylindrical system of vector functions combined with
a new propagation matrix method called DVP (dual variable and
position method). The DVP algorithm involved has been thor-
oughly validated for its accuracy and efficiency in both engineer-
ing and science fields (Liu er al. 2018; Liu and Pan 2018;
Zhou et al. 2021). While the dynamic MultiSmart3D is capable
of dealing with layered, transversely isotropic and elastic half-
spaces with imperfect interfaces, we assumed isotropic and perfect
interface conditions in this study, which are also the current prac-
tice in the MASW method. The same material properties (layer
thickness, Vs, Vp, and density) in the previous section for the the-
oretical dispersion curves were used for computing the frequency
response. The receiver locations for computing dynamic responses
are based on the recommended field parameters by Park and Car-
nevale (2010). With about 30 m of maximum investigation depth
and 48 available channels in mind, 24 m near offset (distance be-
tween the source to the closest receiver) and 1 m receiver spacing
were used for computing the frequency responses at the 48 re-
ceiver locations. Although the actual testing configuration may be
adjusted depending on the field condition, this fixed receiver array
is representative for investigating the behavior of the apparent dis-
persion relation. An example of the frequency response (vertical
component as in a typical MASW testing in which vertical geo-
phones are used) is shown in Fig 3(a), in which the real and imag-
inary parts of the frequency response oscillate and attenuate grad-
ually with the distance from the source. This oscillation with dis-
tance is purely harmonic if there is only one mode, and the oscil-
lation period in space corresponds to the wavenumber. The disper-
sion analysis of the dynamic response will be explained in the next
section.
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2.3 Apparent Dispersion Curves

In the MASW testing, the wavefield is sampled and denoted
as u(tm, xn), where m and n represent the data index in time and
space, respectively. To analyze the dispersion characteristics of the
wavefield, several algorithms have been developed, such as the
frequency-wavenumber (f-k) transform (Yilmaz 1987), slowness-
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frequency (p-®) transform (McMechan and Yedlin 1981),
phase shift method (Park et al. 1998), and the cylindrical beam-
former transform (Zywicki and Rix 2005). In the nature of “appar-
ent” or “effective” dispersion curve, none of these algorithms
is necessarily superior to the others. In fact, except for the cylin-
drical beamformer, other wavefield transform methods are mathe-
matically and physically equivalent (Lin and Chang 2004) alt-
hough the algorithm in the phase-shift method is mostly adopted.
In general, the first step in the dispersion analysis of seismic data
is to take the Fourier transform of the multi-station data u(m, xx)
with respect to time to find the seismic data in the frequency
domain U(f; xx).

M-1

U(f, x,)= Zou(tm, x,)exp(=j2nfx, ) ¢y
=

where f'is the frequency (o = 2rtf) and M is the total number of
data points in time; m and »n are data points indices for time ¢ and
offset x. In the synthetic data described in the previous section,
U(f, x») is the computed frequency response. Hence, we can di-
rectly proceed to the second step in the dispersion analysis,
which, in this study, is to take the Fourier transform with respect
to space.

N-1
w(f, k)= ;}U(f, X, ) exp(—j2mkx, ) @

where k is the wavenumber. Equations (1) and (2) combined are
basically the same as the f-k transform. To facilitate common spec-
tral visualization in the frequency-phase velocity domain, we re-
place the wavenumber & by k = 2znf/v so that Eq. (2) becomes

N-1
1= 2w ey, | @
where v is the phase velocity. Equation (3) is equivalent to the
phase-shift method. The amplitude spectrum of Y(f, v) gives the
dispersion image commonly seen in the literature. In the numerical
implementation, the frequency and phase velocity intervals (reso-
lutions) can be arbitrarily chosen. An example is illustrated in Fig.
3(b). Figure 3(a) is the frequency response at f'= 50 Hz. Applying
Eq. (3), the amplitude spectrum of Y for the 50 Hz component is
shown by a line plot at the elevation of 50 Hz. Results from simu-
lations of many frequency responses would then be represented by
the dispersion image. The peaks of the dispersion image corre-
spond to the apparent dispersion curve (dominant phase velocity
for each frequency). The apparent dispersion curves from different
velocity profiles would be examined to study their behavior in re-
lation to the type of velocity profile.

2.4 Simplified Inversion Method

The last step of a complete surface wave testing is to invert
the Vs profile from the experimental dispersion curve. In the cur-
rent MASW practice, we try to arrange the seismic survey and
analysis so that the fundamental mode can be extracted from the
apparent dispersion curve (i.e., the entire apparent dispersion
curve or part of it below certain frequency). The main objective
of this study is to reveal the behavior of apparent dispersion curve
so that a more compatible inversion scheme may be devised.
Therefore, a rigorous inversion is beyond the scope of this study.
However, the simplified inversion method (SIM) will be examined

as an extension of the behavior of surface wave dispersion. It can
also shed some light on setting up more reasonable initial Vs pro-
file for a rigorous inversion.

The apparent dispersion curve in terms of phase velocity (v)
vs. wavelength (A) was directly transformed to shear wave velocity
(Vs) vs. depth (D) using the simplified inversion method (SIM)
proposed by Pelekis and Athanasopoulos (2011), evolved from the
original Satoh et al. (1991) method. The dispersion curve (v vs. A)

is first transformed to an apparent velocity (V) vs. depth (D) by

converting the wavelength values to the equivalent depths, D = oA
and taking the apparent velocity V', =v . According to Pelekis
and Athanasopoulos (2011), the value of depth conversion factor
(0.z) depends on the Poisson’s ratio and the type of dispersion (i.e.,
normal vs. inverse dispersion). For the normal dispersive case, 0.
increases from 0.3 to 0.85 for Poisson’s ratio ranging from 0 to 0.5.
In the case of inverse dispersion (i.e., phase velocity decreases
with wavelength), o.. becomes independent of the Poisson’s ratio,
with an average value of 0. = 0.45. Hence, there is no universal
rule for choosing 0., and different values have been adopted in the
literatures (e.g., Tamrakar and Luke 2013; Moon et al. 2017).
Since the SIM is more of a qualitative approach, o.. = 0.5 was cho-
sen for equivalent depth conversion. In a more rigorous inversion,
different values can be tested for minimizing the data misfit.

After equivalent depth conversion, the apparent phase veloc-
ity ¥, vs. D was approximated by a best fit multilinear curve, in
which each linear segment is assumed to correspond to a separate
soil layer, as illustrated in Fig. 4. The Rayleigh wave velocity, Iz,
for each individual layer was then calculated using the following
two equations for the case of increasing or decreasing velocity
with depth, respectively.

VRn Dn - VRn—l Dn—l
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Fig. 4 Simplified inversion scheme for determining Rayleigh

wave velocity of each layer: (a) The assumed 3-layer Vr
velocity profile and the corresponding dispersion curve
with wavelength transformed to equivalent depth (D); (b)
The estimated Vz profile using Eq. (4) (Satoh ez al. 1991)
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where the subscript 7 and n — 1 represent the depth index at the lower
and upper interface of the n layer, respectively. The Rayleigh wave
velocity of each layer is finally converted to the shear wave velocity
by Vs = ow Vr. The velocity conversion factor ow also depends on the
Poisson’s ratio (e.g., Richart ef al. 1970), but varies in a small range
around 1.1. Hence, o = 1.1 was taken in this study.

In the context of SASW method, a single synthesized (aver-
aged) apparent dispersion curve is obtained that enables the appli-
cation of SIM. On the contrary, multiple separate pieces of disper-
sion curves may be obtained in the MASW method. The MASW
method offers robust and objective dispersion analysis, and allows
separation of multiple modes in complex ground conditions when
the receiver array is long enough. For a single frequency (or wave-
length), there may be more than one significant mode (phase ve-
locity). How the SIM can be adapted and applied in this scenario
will be discussed below.

3. RESULTS AND DISCUSSIONS

The following discussion will focus on the apparent disper-

sion curves emerged from the wavefield transformation of the
multi-station data, as opposed to the theoretical modal dispersion
curves. MASW has the advantage of efficient, robust, and objec-
tive dispersion analysis. With an enough long geophone spread, it
is possible to extract the fundamental mode from other possible
higher modes, hence justifying the fundamental-mode inversion in
current practice. However, accurate and wide frequency range of
fundamental-mode dispersion curve is not guaranteed in every sur-
vey. The following discussion will examine the actual dispersion
behavior, i.e., the pattern of the apparent dispersion curve and
characteristics of dispersion image (|Y(f, v)|), of the four distinct
types of velocity profiles.

3.1 Normal Velocity Profile (Increasing Vs with Depth)

Figure 5 shows the results for the case of regular Vs profiles,
in which Vs increases with depth. These include two-layer models
with different velocity contrast and a three-layer model. As shown
in Fig. 5(a) and expected, the fundamental mode dominates in the
entire frequency range, i.e., high amplitudes of the dispersion
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Fig. 5 Results of normal velocity profile: (a) dispersion image for each velocity profile shown in the inserted box. Dotted lines represent
the theoretical modal dispersion curve, and circles are the apparent dispersion curve (peaks of the dispersion image); (b) com-
parison between the apparent dispersion curve (App. DC) and theoretical modal dispersion curve (Modal DC) in the wavelength-
phase velocity domain; (c) comparison between the estimated Vs profile by SIM and the true velocity model
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spectrum are basically on the fundamental mode. Some higher
modes have significant contributions in certain frequency
range. This is more obvious in the two-layer model with larger
velocity contrast (Fig. 5(al)). The apparent dispersion curve
corresponding to the peaks of the dispersion image basically
follows the fundamental mode, as shown in Fig. 5(b). The phase
velocity monotonically increases with wavelength since Vs
increases with depth. Some discrepancy from the theoretical fun-
damental mode at longer wavelength (lower frequency) is at-
tributed to the near field and truncation effects of the limited wave-
field acquired by the 48-channel geophone array. In any case, Fig.
5(c) shows that the SIM-estimated Vs profiles match very well
with the true velocities.

3.2 Inverse Velocity Profile (Decreasing Vs with Depth)

Similar to Fig. 5, Fig. 6 presents the results for the case of
inverse velocity profile. Beyond some cutoff frequency as shown
in Fig. 6(a) or below some cutoff wavelength as shown in Fig.

6(b), the apparent dispersion curve would jump from the funda-
mental mode to higher mode(s). In minor inverse velocity profile,
where the lower-half space velocity is not significantly lower than
the top layer (Fig. 6(al)), the first higher mode is very close to the
fundamental mode. As such, the higher mode cannot be well sep-
arated from the fundamental mode, as shown in Figs. 6(al) and
6(b1). By examining all results of inverse velocity profiles, it can
be found that the cutoff wavelength is near the top of the lower
half space. This means that only when the wavelength reaches the
lower half space would the fundamental mode become the domi-
nant mode. While the two-layer case (Fig. 6(a2) and 6(b2)) shows
one clear higher mode, the three-layer case contains several mode
jumps. These mode jumps are not very apparent because pairs of
theoretical higher modes show mode kissing at the frequency of
the mode jumping. Therefore, the apparent dispersion curve looks
like a single continuous curve, especially in the frequency-phase
velocity domain (Fig. 6(a3)). For the case shown in Fig. 6(b2), the
SIM procedure cannot be applied because the apparent dispersion
curve does not appear as a continuous curve. In this case, we
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Fig. 6 Results of inverse velocity profile: (a) dispersion image for each velocity profile shown in the inserted box. Dotted lines represent
the theoretical modal dispersion curve, and circles are the apparent dispersion curve (peaks of the dispersion image); (b) com-
parison between the apparent dispersion curve (App. DC) and theoretical modal dispersion curve (Modal DC) in the wavelength-
phase velocity domain; (c) comparison between the estimated Vs profile by SIM and the true velocity model
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proposed to discard the higher mode at overlapping frequencies
(wavelengths) and extend the SIM to the piece-wise continuous
dispersion curve. Another modification to the SIM is needed to
obtain better results. Since the apparent dispersion curve would
approach the fundamental mode only when the wavelength is
larger than the depth of the top of the lower half space, using an
equivalent depth conversion factor o = 0.5 or even higher values
from the literatures would significantly underestimate the depth to
the lower half space. We therefore propose to use o = 1.0 in the
small wavelength range where higher modes dominate because the
cutoff wavelength is approximately equal to the depth to the lowest
half space. As a result of this modification, the SIM would provide
better estimated Vs profile, as shown in Figs. 6(c2) and (c3). Be-
cause the higher mode cannot be clearly identified for the case
shown in Fig. 6(al), the standard SIM would result in significant
underestimation of the depth to the lower half space, as shown in
Fig. 6(c1). Due to the mode jumping, the apparent dispersion curve
of the inverse dispersion is not as smooth as that of the normal

127

dispersion. Consequently, the uncertainty of the SIM estimation in
the inversion dispersion case is generally higher than that in the
normal dispersion case.

3.3 Velocity Profile of Sandwiched Stiff/Soft Layer

Results for the case of sandwiched stiff layer are shown in Fig.
7. All results are basically dominated by the fundamental mode as
in the case of normal dispersion. The apparent dispersion curve
becomes concave due to the existence of the embedded stiff layer,
as shown in Figs. 7(a) and 7(b). However, it is noted that the near-
field effect is more pronounced in the case of sandwiched stiff
layer, causing more discrepancy from the theoretical fundamental
mode at long wavelengths. Furthermore, when the velocity con-
trast becomes larger, as shown in Fig. 7(a2) and near the vertex,
the apparent dispersion curve is further away from the fundamen-
tal mode. For frequencies near the vertex, the apparent dispersion
curve appears to be of mixed modes. When the stiff layer becomes
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Fig. 7 Results of sandwiched stiff layer: (a) dispersion image for each velocity profile shown in the inserted box. Dotted lines represent
the theoretical modal dispersion curve, and circles are the apparent dispersion curve (peaks of the dispersion image); (b) com-
parison between the apparent dispersion curve (App. DC) and theoretical modal dispersion curve (Modal DC) in the wavelength-
phase velocity domain; (c) comparison between the estimated Vs profile by SIM and the true velocity model
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thinner, as shown in Fig. 7(a3), the apparent dispersion curve is
less sensitive to the stiff layer and the near-field effect seems even
more pronounced. The estimated Vs profiles using the SIM are
shown in Fig. 7(c). The embedded stiff layer can be detected but
contains larger errors due to the near-field effect. This indicates
potential problems of fundamental-mode inversion, because a re-
liable fundamental-mode dispersion curve may not be obtained
from the apparent dispersion curve as indicated by these examples.

Figure 8 presents the results for the case of sandwiched soft
layer. Similar to the inverse velocity profile case, higher modes
dominate when the wavelength is smaller than the depth to the bot-
tom layer. The transition from one mode to another may not have
a fixed pattern; hence assigning the mode number to the dominant
higher modes is impossible. When the velocity contrast becomes
more significant, as in Fig. 8(al), or the embedded soft layer be-
comes thinner, as in Fig. 8(a3), a local jump to a higher mode with

much higher phase velocity may occur. In these cases, the lower
bound of the apparent dispersion curve is taken from SIM analysis.
When the velocity contrast is not significant, the apparent disper-
sion curve appears more like a single continuous curve because
of the higher mode transition. As in the inverse velocity profile,
the equivalent depth conversion factor was taken as o. = 1.0 for
higher modes at smaller wavelengths. Figure 8(c) shows the esti-
mated Vs profiles using the SIM. The embedded soft layer can be
clearly identified and the depth to the soft layer is accurate using
the modified equivalent depth conversion factor. However, the
error is larger beneath the top layer. More advanced inversion is
necessary to better recover this type of velocity profile. Consider-
ing that the fundamental mode appears only in the wavelength
greater than the depth to the low half space, the advanced inversion
should be based on the apparent dispersion curve or dispersion im-
age, not the fundamental mode.
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Fig. 8 Results of sandwiched soft layer: (a) dispersion image for each velocity profile shown in smaller box (dotted lines represents the
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(c) comparison between the estimated Vs profile by SIM and the true velocity model
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3.4 Complex 4-Layer Model

The complex 4-layer model is the most sophisticated one in this
study. It is by no means to represent the actual field condition. It can
shed some light on the dispersion behavior in a situation that is often
encountered in the field -- an embedded soft layer in a profile that
the shear wave velocity otherwise increases with depth. Results are
shown in Fig. 9. When the soft layer is not significantly softer than
the top layer, as in Fig. 9(al) with only 10% difference, the apparent
dispersion curve appears to follow the fundamental mode in the en-
tire frequency range. However, a close comparison with the theoret-
ical modal dispersion curves reveals that a few higher modes are
very close to the fundamental mode in the higher frequency range
and the apparent dispersion curve below 5 m wavelength actually
corresponds to higher modes. As the velocity contrast between the
top layer and the embedded soft layer becomes more significant, as
shown in Fig. 9(a3), the apparent dispersion curve clearly jumps to
higher modes at wavelength smaller than the depth to the bottom of
the soft layer, as can be observed in Fig. 9(b3). Comparing to Fig.
9(a3), Fig. 9(a2) represents the case with a thinner top layer while
Fig. 9(a4) represents the case with a thinner soft layer. Both cases
have the same depth to the bottom of the soft layer (6 m), and hence
the fundamental mode dominates at wavelength greater than 6 m.
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Figure 9(c) shows the estimated Vs profiles using the SIM. Again,
using the apparent dispersion curve and SIM, the embedded soft
layer can be detected except for the case in Fig. 9(al), in which the
velocity of embedded soft layer is very close to the top layer. Similar
to the sandwiched soft layer, the estimation error is significant at
depth below the stiffer top layer. The case in Fig. 9(al) is very close
to the condition of regular velocity profile, in which the SIM works
better. However, comparing Fig. 9(c1) with Fig. 5(cl), larger esti-
mation errors can be observed at depth below 10 m because of the
existence of a mild soft layer. This result implies that the SIM is not
a rigorous inversion and its reliability is dependent on the type of
velocity profile.

Comparing all the cases in Fig. 9 shows distinct dispersion
images and patterns of dominant higher modes in response to dif-
ferent layer thickness and velocity. The difference in their disper-
sion images is so remarkable that it is not unreasonable to think
that future inversion based on the dispersion image may signifi-
cantly improve the accuracy and resolution. This type of velocity
profile also shows that it is not possible to identify the exact mode
numbers of the dominant higher modes. Performing inversion
based on only the fundamental mode means that a significant
amount of dispersion curve data will be discarded. This will
decrease the measurement sensitivity to the variation of velocity
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profile. Therefore, it is believed that working on apparent disper-
sion curve or dispersion image is imperative to further improve the
reliability of the MASW method.

4. CONCLUSIONS AND SUGGESTIONS

Current practice of the MASW method mainly focuses on the
fundamental mode, counting on the ability of multi-station data to
separate different participating modes and extract the fundamental
mode for inversion. Emphasized in this study is the potential dif-
ference between the theoretical dispersion curves, intrinsic to earth
profile, and the experimental apparent dispersion curve, dependent
also on the configuration of receiver array. Simulating modal and
apparent dispersion curves for the four distinct types of Vs profiles
reveal their different dispersion characteristics and behavior of ap-
parent dispersion curve. Several findings can be drawn from these
results.

1. If there is no intermediate layer which is softer than the sur-
face layer, e.g., normal velocity profile or sandwiched stiff
layer, the apparent dispersion curve is dominated by the fun-
damental mode. However, different levels of discrepancy be-
tween the apparent and fundamental-mode dispersion curves
can be observed due to the near-field effect and sometimes
due to the mixed modes at certain frequencies.

2. If the surface layer is not the softest layer, the apparent dis-
persion curve is dominated by the higher modes at relatively
high frequencies (low wavelengths). It can be inferred from
various simulations that the transition from the fundamental-
mode dominance to higher-mode dominance is at the wave-
length approximately equal to the depth to the low half space
(i.e., in the inverse velocity profile) or the low half space be-
low the softest layer (i.e., in cases with embedded soft layer).
Depending on the location of the softest layer, the minimum
wavelength of the measurable fundamental mode may be
quite large. Performing inversion based on only the funda-
mental mode means that a significant amount of apparent dis-
persion curve data may have to be discarded.

3. Depending on the spread length of receivers, and velocity
contrast and thickness of the soft layer, the fundamental mode
may not be well separated from higher modes, and the appar-
ent dispersion curve may appear as a single continuous curve.
Hence, sometimes it is not easy to clearly define the fre-
quency range of the fundamental mode.

4. In the case of higher-mode dominance, there is no fixed pat-
tern as to which higher mode would dominate the sequence
of mode jumping. Therefore, definite assignment of mode
numbers in multi-mode inversion is unlikely.

These new observations lead to some potential pitfalls of the
MASW fundamental-mode inversion. Our study has further
shown the remarkable difference in dispersion images and patterns

of dominant higher modes in response to different velocity profiles.

The simplified inversion method (SIM) has been modified to deal
with the multiple dominant modes. The SIM can correctly detect
the embedded soft layer and the type of velocity profile; however,
its accuracy is not good across different type of velocity profiles.
Hence, it is suggested that more rigorous inversion based on ap-
parent dispersion curve or dispersion spectrum image is imperative
to further improve the reliability of the MASW method.
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