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ANEW APPROACH FOR MODELING EARTHQUAKE MAGNITUDE

PROBABILITY DISTRIBUTION

Min-Hao Wu'!, Jui-Pin Wang >, Jieh-Haur Chen?, and Yan-Hui Lin*

ABSTRACT

For obtaining the (theoretical) earthquake magnitude probability distribution, the McGuire-Arabasz equation is commonly used
with the b-value calibrated from the Gutenberg-Richter relationship. In this paper, we propose a new method, also based on the
McGuire-Arabasz equation, while using the b-value directly calibrated from the observed magnitude probability distribution. We
examined the new method with 149,879 earthquakes from five regions, and all of the tests show that the new approach outperforms
the current method for modeling the observed magnitude probability distributions. More importantly, the new approach is as easy-
to-use as the current method, with the optimization computation that can be easily completed by Excel Solver.
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1. INTRODUCTION

In the past decades, earthquakes had caused a great deal of
damage to our society, such as the 1999 Chi-Chi earthquake
(Taiwan), the 2004 Sumatra-Andaman (Indonesia) earthquake,
the 2008 Wenchuan (China) earthquake, and the 2011 Tohoku
(Japan) earthquake. The main reason that we cannot prevent
those earthquake-induced disasters is because the earthquake
cannot be predicted (Geller et al. 1997), given that we cannot
monitor the stress condition several kilometers below the ground
surface where the focal points of earthquakes are located (Geller
etal. 1997).

Seismic hazard analysis is for developing site-specific earth-
quake-resistant design parameters, based on the seismological ev-
idence/data around the study site. One of the well-known seismic
hazard assessments is PSHA (Cornell 1968), standing for proba-
bilistic seismic hazard analysis. Nowadays, PSHA has been desig-
nated as the standard method for developing site-specific earth-
quake-resistant design ground motions for nuclear facilities (U.S.
Nuclear Regulatory Commission 2007), not to mention that a num-
ber of PSHA case studies have also been reported in scientific
journals (Cheng et al. 2007; Roshan and Basu 2010; Wang et al.
2013; Wang et al. 2016; Ayele 2017).

From the title of PSHA, it is understood that several parame-
ters are treated as random variables in this probabilistic analysis,
including earthquake magnitude. As a result, one of the input
data of PSHA is the earthquake magnitude probability distribu-
tion (Fig. 1). Nowadays (to the best of our knowledge), the
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Fig.1 Earthquake magnitude probability distribution

current method used for modeling the earthquake magnitude prob-
ability distributions was proposed by McGuire and Arabasz (1990),
which was on the basis of the b-value from the Gutenberg-Richter
recurrence law (Gutenberg and Richter 1944):

log(NMZm):a_bm (1)

where Nu > is the earthquake number with magnitude M = m.
Note that m in this paper is referred to as magnitude of exceedance,
or MOE. As a result, given that parameters a and b have been cal-
ibrated with seismicity data plotted in the space of log(Nu=m) vs.
M > m, we can estimate the earthquake number with magnitude M
>m as 1097,

As mentioned previously, McGuire and Arabasz (1990) uti-
lized this relationship to develop the earthquake magnitude prob-
ability distribution, and the derivation is given in the following.
Given the cutoff magnitude = mo and maximum magnitude =
Mmmax, the number of earthquakes between mo and mmax is equal
to:
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— a—bm a—bmp,
o> 2my =10 — 109 bmma o

N

Similarly, the number of earthquakes with magnitude be-
tween m1 and m2 (both between mo and mmax) is:

_ a=bm; __ a—bm,
my>M2m; — 10 10 (3)

N

Then based on the fundamental of probability, the probability
that the earthquake (magnitude) is between m: and m2 given cutoff
magnitude = mo and maximum magnitude = mmax becomes:

Pr(m, <M <m,;my, m,,,)
B Nm,SM<m2 B loa—bml _loa—bmz .
- N - loafbmg _10‘1*bmmax ( )

mo <M <my,y

By dividing 10? in the numerator and denominator, Eq. (4)
becomes:

lofbml _ 107bmz
lo—me _ 1 0 —bm

Therefore, Eq. (5) is the McGuire-Arabasz approach for de-
veloping the earthquake magnitude probability distributions. To
avoid confusion, we refer to the b-value in Eq. (5) as barp (standing
for magnitude distribution) for developing the magnitude proba-
bility distributions, and refer to the b-value in Eq. (1) as bc-r
(standing for Gutenberg Richter) for developing the Gutenberg-
Richter recurrence law (linear regression line in the space of logNu
>m vs. M >m). However, it is noted that in the current practice, we
use bg.r = bu.p in the McGuire-Arabasz equation to develop the
magnitude probability distribution, rather than re-calibrating b.p
based on the observed magnitude probability distribution directly.
For example, Roshan and Basu (2010) conducted PSHA for a nu-
clear power plant site in India, and they followed the currently
standard procedure using the b-value (or bs.z) from the Gutenberg-
Richter relationship to obtain the (theoretical) magnitude proba-
bility distribution.

The scope of this study is to introduce a new procedure for
developing magnitude probability distributions. We used 149879
earthquake data to test the performance of the new approach.
Based on the earthquake data from five different regions, all of the
tests demonstrate the new approach outperforms the current
method in modeling the observed magnitude probability distribu-
tions. More importantly, the new approach is as easy-to-use as the
current method, with one optimization computation that can be
easily completed by Excel Solver.

Pr(ml <M <m2; m, mmax) =

®)

2. METHODOLOGY

2.1 USGS Database

The first task of this study is to collect earthquake data (or
earthquake catalogs). In this study, we utilized the online data-
base established by the U.S. Geological Survey (USGS) to col-
lect earthquake catalogs. Figure 2 shows the interface of the
USGS database (U.S. Geological Survey 2021). Basically, users
simply need to input the cutoff magnitude, time frame, and the
searching region, and then the system will compile the data of
interest in an Excel file for the users to download. Another
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Fig.2 The interface of the online USGS database
(https://www.usgs.gov/natural-hazards/earthquake-haz-
ards/earthquakes)

user-friendly function of the USGS database is that the users can
“draw rectangle on map” (see the bottom right corner in Fig. 2) to
circle the searching area of interest, instead of keying in the longi-
tudes and latitudes of the searching area.

2.2 Magnitude Conversion

The data downloaded from the USGS database include the oc-
currence date, earthquake magnitude, depth, longitude, latitude, etc.
However, it is noted that the unit of magnitude used in the database
is inconsistent, including moment magnitude (#4,,), local magnitude
(M), surface wave magnitude (M), body wave magnitude (M,), and
duration/code magnitude (M,). As a result, before we analyzed the
data, we had to convert the different magnitudes into the same type.
In this study, we converted them to moment magnitude because mo-
ment magnitude does not have the saturation issue (Kramer 1996).
For converting them into M,,, the following relationships (Kadiri-
oglu and KarTal 2016) were used:

M, =1209M, —0.886 (6)
M, =1.029M, +0.227 7
M, =1.951M , +0.586 ®)
M,=0572M,+2249 ; M, <54 ©)
M,=0813M,+1.172 ; M, >54 (10)

2.3 Difference Between Observed and Simulated
Probability Distributions

In this study, we will quantify the difference between the ob-
served and simulated magnitude probability distributions (Fig. 3)
for examining if the new approach can better simulate the observed
distribution. We used the chi-square value ()?) to quantify the dif-
ference between model and observation, which can be expressed
as follows (Ang and Tang 2007):

)
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where # and o; denote the theoretical and observational in the i-th
data bin (Fig. 3). Understandably, the smaller the chi-square value
is, the better fitting between model and observation will be,
and when the chi-square value = 0, the model and observation are
identical or perfectly matched.
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Fig.3 Using the chi-square value to quantify the difference be-
tween model and observation in this study
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2.4 Calculating the Optimal byp

As mentioned previously, the scope of this study is to search
for the optimal barp that can best capture the observed magnitude
probability distribution using the McGuire-Arabasz equation (Eq.
(5)). Expectedly, the optimization calculation could be tedious.
However, such an optimization can be easily solved with Excel
Solver or other computer codes alike. In this study, we used Excel
Solver for those optimization computations to find the optimal
bup.

3. RESULTS

3.1 Taiwan

The first test is based on the earthquake data around Taiwan.
Figure 4(a) shows the region around Taiwan within which 3,215
earthquakes from 1980/01/01 to 2020/09/30 were collected from
the USGS database. Note that the longitudes and latitudes of the
searching region are shown in the bottom right corner of Fig.
4(a).
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Fig. 4 The results for the “Taiwan” case: (a) The searching area around Taiwan; (b) the G-R relationship; (c) observed magnitude proba-
bility distribution and the simulation using the current approach; (d) observed magnitude probability distribution and the simulation

using the new approach
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Figure 4(b) shows the G-R (Gutenberg-Richter) relationship
of the earthquake data. Based on the suggestion of Rydelek and
Sacks (1989), the point starts separating from the straight line fit
with the larger-magnitude data points implying that below this
magnitude point, the earthquake data should be incomplete. As a
result, the earthquakes above M, 4.5 should be complete in this
case (the point of M,, 4.0 starts separating from the straight line).
Based on the “complete” data (magnitude above M., 4.5), the value
of be.r is equal to 1.062.

Figure 4(c) shows the observed magnitude probability distribu-
tion based on the same pool of data, as well as the simulation devel-
oped with the current method by using bc.z = by.p = 1.062 in the
McGuire-Arabasz equation. It shows that the fitting is satisfactory,
and the difference in terms of the chi-square value is equal to 0.03.

Figure 4(d) shows the same observed magnitude probability
distribution and the simulation developed with new method
using the optimal bu.p = 0.909. The chi-square value between
the two was lowered to 0.008. Comparing Fig. 4(c) with Fig.
4(d), we found that the overestimation issue in low-magnitude
ranges present in the current practice was improved by the new
approach. In terms of the chi-square value, the new simulation
(using optimal bu-p) with the chi-square value of 0.008 is better
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than the current practice using bg-r = bu-p with a chi-square value
of 0.03.

3.2 Japan

The second test is based on earthquake data around Japan.
Figure 5(a) shows the searching region with the same time frame
from 1980/01/01 to 2020/09/30. A total of 25509 earthquakes were
collected accordingly. Figure 5(b) shows the G-R relationship of
the 25509 earthquakes, and the magnitude of completeness should
be equal to M, 4.5. Based on the “complete” data (magnitude
above M, 4.5), the value of be.z is equal to 1.071.

Figure 5(c) shows the observed magnitude probability distri-
bution, and the simulation of the current method using bc-z = ba.p
= 1.071 in the McGuire-Arabasz equation. The difference (chi-
square value) between the two is equal to 0.013. Figure 5(d) shows
the same observed magnitude probability distribution and the sim-
ulation from the new method using the optimal bay.p=0.971. Given
that a lower chi-square value of 0.004 (compared to 0.013) was
obtained, it also implies that the new approach using the optimal
bmp outperforms the current practice using be.x = bu.p in the
McGuire-Arabasz equation to develop theoretical earthquake
magnitude probability distributions.
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Fig. 5 The results for the “Japan” case: (a) The searching area around Japan; (b) the G-R relationship; (c) observed magnitude proba-
bility distribution and the simulation using the current approach; (d) observed magnitude probability distribution and the simu-

lation using the new approach
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3.3 California

The third test is based on 70898 earthquakes around Califor-
nia collected from the USGS database. Figure 6(a) shows the
searching region within the same time frame (1980/01/01 to
2020/09/30). Figure 6(b) shows the G-R relationship of the 70898
earthquake data, and the magnitude of completeness should be
equal to M, 3.0. Based on the “complete” data (magnitude above
M 3.0), the value of bo.x is equal to 0.924.

Figure 6(c) shows the observed magnitude probability distri-
bution and the simulation of the current practice using bc-z = bu.p
= 0.924 in the McGuire-Arabasz equation. The difference between
the model and observation in terms of chi-square value is equal to
0.011. Figure 6(d) shows the same observed magnitude probability
distribution along with the new simulation using the optimal bap
= 0.873 in the McGuire-Arabasz equation, which leads to a lower
chi-square value equal to 0.008 (compared to 0.011).
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3.4 Iran

The fourth test is based on 5058 earthquakes around Iran that
were collected from the USGS database. Figure 7(a) shows the
searching region around Iran within the same time frame from
1980/01/01 to 2020/09/30. Figure 7(b) shows the G-R relation-
ship, and the magnitude of completeness should be equal to M.,
4.5. Based on the “complete” data, the value of bs.r is equal to
1.205.

Figure 7(c) shows the observed magnitude probability dis-
tribution and the simulation of the current practice using bg.z =
bu.p = 1.205 in the McGuire-Arabasz equation. The difference
in terms of chi-square value is equal to 0.03. Figure 7(d) shows
the observed magnitude probability distribution and the new sim-
ulation using the optimal buy.p = 1.051 in the McGuire-Arabasz
equation, leading to a lower chi-square value of 0.014 (compared
to 0.03).
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Fig. 6 The results for the “California” case: (a) The searching area around California; (b) the G-R relationship; (c) observed magnitude
probability distribution and the simulation using the current approach; (d) observed magnitude probability distribution and the
simulation using the new approach
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Fig. 7 The results for the “Iran” case: (a) The searching area around Iran; (b) the G-R relationship; (c) observed magnitude probability
distribution and the simulation using the current approach; (d) observed magnitude probability distribution and the simulation

using the new approach

3.5 Turkey and Greece

The fifth test is based on 45199 earthquakes around Turkey
and Greece collected from the USGS database. Figure 8(a) shows
the searching region within the same time frame from 1980/01/01
to 2020/09/30. Figure 8(b) shows the G-R relationship, and the
magnitude of completeness should be close to M, 3.5. Based on
the “complete” data, the value of ba.r is equal to 1.086.

Figure 8(c) shows the observed magnitude probability distri-
bution and the model based on the current practice using bc-z = bu.p
= 1.086 in the McGuire-Arabasz equation. The difference (chi-
square value) is equal to 0.002. Figure 8(d) shows the observed
magnitude probability distribution and the new simulation using
the optimal bap = 1.068, also leading to a lower chi-square value
0f 0.001 (compared to 0.002).

4. DISCUSSIONS

4.1 Empirical Relationship between bg-z and bu-p

Table 1 summarizes the values of bs.z, bu.p, and chi-square

values of the tests. Expectedly, using the optimal bap in the
McGuire-Arabasz equation (Eq. (5)) to model the magnitude prob-
ability distribution outperformed the simulation of the current
practice using bc.r = bu.p. This is because bg-r is not the optimal
value for fitting the observation in the space of magnitude proba-
bility vs. magnitude (e.g., Fig. 4(c)). Instead, bc-z is the optimal
value for fitting the data in the space of logNy>m vs. M > m (e.g.,
Fig. 4(b)).

Table 1 Summary of using different values of ba.p to fit the ob-
served magnitude probability distribution

Region bZZR ' O;l:;fal X 15211 iz ]13;) X
Taiwan 1.062 | 0.030 | 0909 | 0.008 | 0969 | 0.011
Japan 1.071 | 0.013 | 0971 | 0004 | 0975 | 0.004
California | 0.924 | 0.011 | 0873 | 0.008 | 0.875 | 0.008
Iran 1205 | 0030 | 1051 | 0014 | 1.067 | 0.014
Greeceand | ) hes | 0002 | 1.068 | 0.001 | 0986 | 0.002
Turkey
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Fig. 8 The results for the “Greece and Turkey” case: (a) The searching area around Greece and Turkey; (b) the G-R relationship; (c)
observed magnitude probability distribution and the simulation using the current approach; (d) observed magnitude probability

distribution and the simulation using the new approach

It is also found that all of the tests show that bc-z is larger than
the optimal bap. Figure 9 shows the simple linear regression be-
tween the two from the five tests:

bo_p =0.683b,, , +0.244 (12)

Note that the coefficient of determination (R?) of this regres-
sion is 0.68. Table 1 also summarizes the bu.p obtained with this
empirical relationship. It shows that using the bu.p values from the
empirical relationship to develop the magnitude probability distri-
butions can also outperform (with a lower chi-square value) the
current practice using be.r = bu.p. As a result, if one finds it diffi-
cult to conduct the optimization computation to obtain the optimal
bu.p, another easier alternative is to utilize the empirical relation-
ship to find bup from bcr, and use the bup in the McGuire-
Arabasz equation.

One could comment that the current practice (using be-r = bap)
already achieved a satisfactory modeling of the earthquake
magnitude probability distribution, why bother using the new
approach? The simple response is that the new approach using
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Fig.9 The linear regression between bg.r and the optimal by.p
based on earthquake data from the five regions
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the optimal ba.p in the McGuire-Arabasz equation can outperform
the current practice in the modeling of magnitude probability dis-
tributions. Furthermore, the new approach is as easy-to-use as the
current practice, simply needing to conduct one optimization com-
putation that can be conducted with Excel Solver or other com-
puter codes alike.

4.2 Effect of Earthquake Catalog on the Proposed
Method

This study used the USGS catalog to demonstrate the new
method is better than the current method in the modeling of the
observed magnitude probability distribution, which is attributed to
the optimal bu.p is obtained from the data plotted in the space of
probability (P) vs. magnitude (M), which is the same data space as
the magnitude probability distribution; by contrast, bc.r is obtained
from the data plotted in the space of logNy>m vs. M > m, which is
a different data space from that used for plotting the magnitude
probability distribution (P vs. M).

Without doubt, USGS is a highly regarded institute in geologi-
cal investigation and research, and its publications, such as earth-
quake catalogs, are widely recognized and accepted by the industry
and academia. As a matter of fact, like this study, other researchers
also used the USGS catalog (as it is) to examine and demonstrate
their theories. For instance, Geng et al. (2021) utilized the USGS
catalog to demonstrate the so-called nonparametric Bayesian
method to estimate the spatial distribution of earthquake intensities;
similarly, Wu ez al. (2019) used the catalog to prove that earthquake
magnitude should be a random variable following the Weibull dis-
tribution. Other studies include a PSHA project using the USGS cat-
alog to establish the seismic hazard maps for the Tennessee areas
(Wheeler and Mueller 2001), as well as the research based on the
USGS catalog to characterize the earthquake potential along the
Himalayan arc (Sharma et al. 2020). More importantly, among the
aforementioned studies, the researchers did not point out any prob-
able flaws with the USGS catalog.

Nevertheless, to further demonstrate our theory, we used
another earthquake catalog published by another highly regarded
research institute, the International Seismological Centre
(http://www.isc.ac.uk/iscgem/download.php). However, unlike
the USGS database that allows users to search for earthquake rec-
ords for the area of interest, the ISC catalog lists worldwide earth-
quakes in one single file.

Figure 10 shows the comparison between the new and con-
ventional methods to simulate the magnitude probability distribu-
tion, on the basis of the ISC catalog containing the worldwide
earthquakes above M, 5.5 from 2010 to 2016. As expected, the
analysis verified the finding, once again, that using the optimal b-
value calibrated with the data plotted in the space of P vs. M can
better simulate the magnitude probability distribution (also in the
data space of P vs. M), than using the b-value calibrated with the
data plotted in a different data space like 1ogNi>m vs. M > m. As
a result, this is the fundamental cause that the proposed optimiza-
tion method is superior to the conventional methods for simulating
the magnitude probability distribution, simply because the optimal
b-value was obtained from the same data space (P vs. M) as the
magnitude probability distribution.

As demonstrated with the USGS and ISC earthquake catalogs,
the new method for simulating the magnitude probability distribution
can be used for any earthquake catalog, while the same outcome

must be obtained: the new optimization method is superior to the
conventional methods for modeling the magnitude probability dis-
tribution owing to the nature of optimization. It is beyond the
scope of this study to discuss the potential flaws of an earthquake
catalog, despite that it was published by reputable institutes like
USGS and ISC that specialize in geological and seismological in-
vestigation and research.

4.3 Effect of Maximum Earthquake Magnitude on the
Proposed Method

Several approaches had been proposed for estimating the
maximum earthquake magnitude (mmax) based on instrumental
earthquake records within a limited time span. For instance, Kijko
(2004) proposed a non-parametric procedure to estimate the mmax
for a region of interest, which does not need to assume what prob-
ability distribution the earthquake magnitude should be following.
On the other hand, Pisarenko et al. (1996) proposed an estimator
for mmax based on the fundamentals of probability and statistics,
which was proved unbiased and associated with the lowest vari-
ance.

However, as mentioned in Sections 4.1 and 4.2, the scope of
this study is to introduce a new method that was proved more su-
perior to the conventional method for simulating the magnitude
probability density, which is because the optimal b-value proposed
by this study is calibrated with the data plotted in the same data
space (i.e., P vs. M), so it can fit the observed magnitude probabil-
ity distribution better than other methods using the b-value cali-
brated with data plotted in a different data space (i.e., l0gNa>m vs.
M=>m).

Previously, we have shown (Fig. 10) that the proposed
method is better than the conventional methods no matter which
earthquake catalogs (USGS or ISC) were tested. Likewise, the sit-
uation is applicable to mmax. That is, regardless of the mmax value
used for determining the magnitude probability distribution and b-
value, using the optimal b-value calibrated with data plotted in the
same data space as the magnitude probability distribution can bet-
ter fit the observed magnitude probability dsitribution than using
other b-values calibrated with data plotted in different data spaces.
Therefore, no matter which mm.x value was used for constructing
the observed magnitude probability distribution, the proposed
method can better model it because the parameter is calibrated
with the data plotted in the same data space.

4.4 The “Delog” Effect

It is puzzling that the currently standard method for develop-
ing magnitude probability function is imprecise sometimes, and
we attributed it to the “delog” effect, because the G-R law uses
logN (earthquake number) in Y axis, and magnitude probability
distribution uses N in Y axis.

We used the following hypothetical example to illustrate the
substantial change from logN to N after “delog.” Given N = 550
for M between 4 to 4.5, N=90 for M between 4.5 to 5, N=15 for
Mbetween 5 to 5.5, and N= 1 for M between 5.5 to 6; Accordingly,
the G-R regression model has an R? as high as 0.99. However,
based on the regression model, the predicted log(N) with M > 4 is
equal to 2.902, so N is equal to 799 after “delog.” And what is the
observed N with M >4? It is only 656. Between 656 (observation)
and 799 (theory), the difference can reach 20% due to the “delog”
effect, even though the difference between the observed log N (=
2.816) and expected log N (= 2.902) is “deceivingly” small.
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Fig. 10 The test based on the ISC earthquake catalog

5. CONCLUSIONS

The earthquake magnitude probability distribution is one of
the essential input data for PSHA. This paper proposed a new ap-
proach to improve the simulation of earthquake magnitude proba-
bility distributions. Based on the tests on the earthquake data from
five regions, the following conclusions were drawn:

1. We tested the new approach with earthquake data from five
different regions. All of the tests show that the new approach
using the optimal bap in the McGuire-Arabasz equation out-
performs the current practice using bg-r = bu-p in the same
equation.

2. The new approach is also as easy-to-use as the current prac-
tice, simply needing to conduct one optimization that can be
easily conducted with Excel Solver.

3. An empirical relationship between bc.r and bu.p is also
provided in this study. It shows that using the bu.p values
from the empirical relationship also outperforms the current

practice (using be.r = bum.p), an even simpler option to im-
prove the simulation of earthquake magnitude probability
distributions.

4. Due to the power of optimization, the optimization-based
method must provide the best-fit magnitude probability func-
tion compared to other methods. This will not be affected no
matter which earthquake catalog, maximum earthquake mag-
nitude, efc. are used.
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