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SIMULATING A CURVE AVERAGE IN A STATIONARY NORMAL
RANDOM FIELD USING FOURIER SERIES METHOD

Jianye Ching" and Shang-Ping Sung’

ABSTRACT

Spatial averaging along a curve in two dimensions (2D) is of practical interest to geotechnical engineers, because it is the
averaged soil shear strength along the critical slip curve that governs the ultimate failure of a 2D spatially variable soil mass.
However, techniques that are able to simulate such a “curve average” are not available in the literature, because the random
process along a curve is in general non-stationary, even if the 2D random field is stationary. This paper proposes a method of
simulating such a curve average in a 2D stationary normal random field for a curve approximated by connecting line segments.
This method is also able to calculate the variance reduction factor due to the approximate curve averaging. The proposed method
is validated by several 1D problems with analytical solutions. It is shown that the proposed method produces results identical to
the 1D analytical solutions. Two geotechnical analysis examples are used to demonstrate the applications of the proposed method.
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1. INTRODUCTION

Random field models have been adopted to model the spa-
tial variability of geotechnical materials (Vanmarcke 1977). In
particular, they have become increasingly popular in the recent
decades in modeling the spatial variability of soil/rock shear
strength (Asaoka and Grivas 1982; Soulie ef a/. 1990; Fenton and
Griffiths 2003; Griffiths and Fenton 2004; Chok et al. 2007;
Griffiths et al. 2010; Nishimura et al. 2010; Wang et al. 2011;
Ching and Liao 2013). It is generally accepted that it is the spa-
tial average of the shear strength that governs the ultimate failure
of a geotechnical structure. For instance, the vertical resistance of
a friction pile is governed by the average of the spatially variable
shear strength along the pile shaft (e.g., Cao et al. 2013). In a
two-dimensional (2D) slope stability problem, the safety factor of
a trial slip curve is governed by the averaged shear strength over
the curve (e.g., EI-Ramly ef al. 2002; Cho 2007). Even for a 2D
soil column, the mobilized shear strength is governed by the av-
erage along the critical failure curve (Ching and Phoon 2013a,
2013b). It is therefore imperative to simulate spatial averages of a
2D random field along curves.

The spatial average of a 2D random field over a prescribed
rectangular volume can be simulated using existing methods,
including the Local Average Subdivision (LAS) method (Fenton
and Vanmarcke 1990) and the Fourier series method (Jha and
Ching 2013). However, none of these methods is able to simulate
spatial averages along curves in 2D. The above mentioned Fouri-
er series method is able to simulate the spatial average along a
single line segment (Jha and Ching 2013), namely a “line aver-
age”, but this method cannot simulate a “curve average”. Meth-
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ods for simulating curve averages are rare in the literature proba-
bly because the random process along a curve is in general non-
stationary, even if the 2D random field is stationary. Figure 1(a)
demonstrates such a scenario. In this scenario, the 2D random
field is stationary with horizontal scale of fluctuation (SOF) o, =
100 and vertical SOF 3, = 2. The curve of interest is the circle
shown in the figure. Figure 1(b) shows the random process along
the circle. It is clear that the SOF along this circle is not a con-
stant, hence the random process is non-stationary. Analytical
methods for simulating the curve average are not available in the
literature, although simulating a curve average is an important
subject in geotechnical engineering.

On the other hand, geotechnical analysis frequently uses a
series of connecting line segments to approximate a curve, e.g.,
the method of slices in slope stability (e.g., Duncan and Wright
2005). The random process along a straight line segment is
guaranteed to be stationary if the 2D random field is stationary. If
a curve is approximated by the connecting line segments (Fig.
1(a)), the non-stationary random process along the curve is
therefore approximated by a piecewise stationary random process
along the line segments (Fig. 1(c)). The spatial average along the
curve (curve average) can therefore be approximately represented
by the weighted sum of the line averages along these line seg-
ments. This requires the simultaneous simulations of the line
averages. The Fourier series method developed by Jha and Ching
(2013) can simulate these line averages individually. However, in
order to simultaneously simulate these line averages, the covari-
ance among these line averages must be properly quantified. Jha
and Ching (2013) did not address this aspect. Vanmarcke (1983)
derived the analytical expression for the covariance between two
line averages in one dimension (1D). However, this formula is
not applicable to 2D. El-Ramly et al. (2002) adopted the covari-
ance between the midpoints of two line segments as an approxi-
mation. Cho (2007) evaluated the covariance between line aver-
ages using numerical integration.
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Fig. 1 (a) An anisotropic random field realization; (b) The ran-
dom process along the circle; (c) The random process
along the line segments

The purpose of this paper is to develop a method of ap-
proximately simulating curve averages in a 2D stationary normal
random field. As mentioned earlier, the curve of interest will be
first approximated by a series of connecting line segments. Hence,
the curve average can be approximated as the weighted sum of
the line averages. The key component of this method is to repre-
sent the covariance between any two line averages in 2D using
the Fourier series method. With the knowledge of all covariances,
it will be clear later that the variance reduction factor for the
curve averaging can be computed approximately. Two geotech-
nical analysis examples of curve averages will be demonstrated
in this paper, including the spatial average along a circle and that
along an arc of a circle. The MATLAB codes for approximately
simulating the curve average and computing the variance reduc-
tion factor are available to the readers upon request (please con-
tact the first author).

2. 2D STATIONARY RANDOM FIELDS

Among random field models, stationary (or statistically ho-
mogeneous) random fields are widely used due to their simplicity
and possibly the only practical version that can be characterized
statistically from limited data (Phoon ef al. 2003). A 2D station-
ary random field W(x, z) can be defined over a plane with x =
horizontal coordinate and z = depth coordinate. This random filed
is characterized by three parameters: (a) inherent mean E(W) = p,
(b) inherent variance Var(W) = ¢, and (c) auto-correlation func-
tion (ACF). The ACF of a stationary random field W(x,z) is de-
fined as the correlation between two locations Ax apart horizon-
tally in the x-direction and Az apart vertically in the z-direction:

p(AX, Az) = p[W (x, z) W (x + Ax, z+ Az))
CV[W(x,2),W(x+Ax,z+Az)]

. (1)
\/Var[W(x, z)] -\/Var[W(x+Ax, z +Az)]

where Var(.) denotes variance; CV{., .) denotes covariance. The
hypothesis of stationarity allows p to be simplified as a function
of Ax and Az only, rather than the absolute coordinates (x, z) and
(x + Ax, z + Az) [see left hand side of Eq. (1)]. The most popular
ACEF is the single exponential (SExp) model:

p(Ax, Az) =exp(-2|Ax | /8, —2| Az|/3.) )

where 0, and 9§, are respectively the scales of fluctuation (SOFs)
in the x and z directions. Another popular ACF is the squared
exponential (QExp) model:

p(Ax, Az) = exp[—n (Ax/8,) -n (Az/sz)z] 3)

It is clear that the correlation decreases as Ax and Az in-
crease. Because of the manner in which most natural soils are
deposited, soil properties are expected to be strongly correlated
over a small interval and weakly correlated when measurement
points are sufficiently far apart.

2.1 Simulation of Point Process

Jha and Ching (2013) developed the Fourier-series method
(FSM) for simulating 2D stationary normal random fields (point
process). Consider a 2D stationary normal random field W(x, z)
over a simulation domain of size L, x L.. This random field can
be simulated by

W(x,z)=p+Re

3 3 (@ +ibmn>exp[’2’”’“ " ’2”“Zﬂ
[ —— L L
4

x z

where Re[.] denotes the real part of the enclosed complex num-
ber; a,,, and b,,, are independent zero-mean normal random vari-
ables with variance o,,,” given by

2

Gmn
2 _ _ _1\m _ _ 1\
0" [1=expt-g D" | [1=exp-a D" | o gp
q.9- l+m " /q; 1+ p°n°/q;

2 2 2
° exp(— nn; —%J for QExp

qxqz qx qZ
(5)

where ¢, = L,/ 8, and ¢. = L. / .. Without loss of generality, the
following discussions will only focus on p = 0, because it is al-
ways possible to produce a random field with mean = p by add-
ing a constant p to a zero-mean random field. For the summation
above, it is not necessary to sum up to infinite terms. It suffices
to sum to (£m, £n) satisfying the following thumb-rule equations:



Ching and Sung: Simulating a Curve Average in a Stationary Normal Random Field Using Fourier Series Method 35

A 1mexpg ) D" | e 1 1mexpa )|
q.| 1+m’n’/q} q.| 1+n’n’/q’
for SExp
2 2
iexp(—%} =10"° iexp[—%} =10"°
qx qx qz qZ
for QExp
(6)

The 107 rule here is slightly more strict than the 10~ rule
proposed in Jha and Ching (2013). Also, to circumvent the po-
tential periodic behavior in FSM, Jha and Ching (2013) proposed
a simple solution: the simulation space is extended by taking

Ly=L,+46, and L.z = L. + 49.. The details can be found in Jha
and Ching (2013).

2.2 Simulation of the Spatial Average Along a Line
Segment

For the spatial average along a line segment in 2D with end
points (xo, zo) and (x, z;). The line average, denoted by W, has
the following expression:

Wszj;W(x0+Axxs, zy +Azxs) ds (7

where Ax = x| — xo; Az =z — z; s € [0, 1] is the local coordinate
along the line: s = 0 corresponds to (x, zp), and s = 1 corresponds
to (x1, z1). The above integral has the following analytical expres-
sion (Jha and Ching 2013):

L

m=—0 n=—00 ¥

WS :Re{ z Z (amn +ibmrz)I;eXp

£ & (iZmn(xO +Axxs) N i2nm(z, +Az><s)st}
L

'z

=Re ex
{mgw,pzw i2mmAx/L, +i2nnAz/L. P

a,, +ib,, i2mmx,
L

i2nmz, 2mnAx  i2nmAz
+ exp + -1 )
L, L, L,

Let us denote the constant (2mmnx/L, + 2nnzy/L,) by ¢, and denote the constant (2mnAx/L, + 2nnAz/L,) by A,,,. Note that c,, and
A, are deterministic real numbers indexed by (m, n): They are not random. It can be shown that Eq. (8) can be written as

amn

=—00 n=—0

WS = z Z [A_[Sin(cmn + Amn ) - Sin(cmn )] + im"

mn mn

[cos(cmn +A,,,)—cos(c,, )]) )

Note that the operation “Re[.]” does not exist in Eq. (9). Equation (9) is the basis for the derivations for the “curve average” below.
For certain combinations of (m, n), it is possible that A,,, = 0. For these (m, n) combinations, the term inside the summation sign in Eq.

(9) should be replaced (L’Hospital’s rule):

mn

Zﬂ [$in(Cyp, + A, ) —sin(e,, )]+

mn mn

[cos(c,,, +A,,)—cos(¢,,) | —=a

COS(Cmn ) - bﬂ"’l

sin(c,,,) (10)

replaced by mn

3. CURVE AVERAGING FOR 2D STATIONARY NORMAL RANDOM FIELDS

In this study, a curve is approximated by a series of connecting line segments (Si, S5, ..

., ) (see Fig. 2). This is compatible to the

practice in geotechnical engineering, e.g., the method of slices in slope stability. These line segments must be sufficiently short in order

to maintain a satisfactory representation for the curve. Let us denote the line averages over these n line segments by (Ws;, W, ..., W,).
For a zero-mean normal random field, (W, W, ..., W,) are zero-mean multivariate normal with the following covariance matrix:
Var(Ws,) CV (W, Ws,) Cv(Wg, Ws,) ¢, C, - (,
co Var(Wy,) CV(Ws.z, Ws) | Cy | C?n an
SYM. | Var(.Ws,,) SYM. c

Each W is zero-mean because we focus on zero-mean random fields. The main difficulty here is the derivation of the analytical
expression for the covariance term CV(Ws, W) = C; in Eq. (11). One exception is the analytical expression derived by Vanmarcke
(1983) for the covariance between two line averages in 1D (z coordinate only):

2
(¢

Cy=CV(Wy , Ws )=~
v =V, ) 2L L 5

S (1D T3(D,)

(12)
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where Wy is the line average along a line segment S; with length = L;;

1 Zoi L
Wo=—[ “we)de (13)

20,

where z; is the z-coordinate of the left-hand-side end point of S;; the definitions of Dy, D;, D,, and Ds are shown in Fig. 3; FZ(D) is the
variance reduction factor for the 1D averaging effect:

[2D/8-1+exp(-2D/8)]/(2D* / &%) for SExp model
(D)= (14)
[nD /8-erf (uxD/8)+exp(—nD? / 8)— 1} / (nD? /&%) for QExp model

where 6 is the SOF; erf(.) is the error function. However, Eq. (12) is for two line segments in 1D, and it is not applicable to two line
segments in 2D.

For two line segments in 2D, the covariance term C;; can be readily derived based on Eq. (9). Consider two line segments in 2D, e.g.,
S; and §; in Fig. 4.

Cy =CV(Wg, Wg)=EWs; - W)

{ Aamn I:Sin(cmn,i + Amn,i) - Sin(cmn,i)] + Abmn I:COS(Cmn,i + Amn,i ) - Cos(cmn,i ):l]

© © © © mn,i mn,i (15)
=2 2 X XE
m=—00 N=—0 p=—00 g=—00 apq ) . bpq
X [sm(cpw +qu,j)—sm(cpq,j)]+ X [cos(cpq,j +qu,j)—cos(cpq!j)]
Pq.J P4q.J
where (i, Amn) are for the (c, A) parameters of the i-th line segment S;:
Cpi =2mmxy; [ L +2nmzy; /L, A, ; =2mnlAx; / L, +2nnAz; /L, (16)

where (xo;, zo,;) and (x,, z; ;) are the coordinates of the two end points for the i-th line segment; Ax; = x;; — x; and Az; = z;; — zp;. The key
fact here is that all random variables (a,,,, b,,,) in Eq. (15) are zero-mean and mutually independent, so

E(ayy b)) =0 E(ay, @py) = E(byy byy) =iy 8,y 81 Ym, n, p, q (17)

where 9, is the Dirac delta function (5,,, = 1 only if m = p; otherwise it is 0). As a result, Eq. (15) can be simplified into

0 o 02 I:Sin(cmn,i + Amn,i ) - Sin(cmn,i )] X [Sin(cmn,j + Amn,j) - Sin(cmn,‘/ ):|
Ci=2 X—"— (18)
mETen=Te Amn,i Amn,j + [cos(cmn,i + Amrt,i) - Cos(cmn,i ):| X |:COS(Cmn,j + Amn,j) - Cos(cmn,j ):|
(0] b;

/5/9 Clay 1

Clay 2

—

52 S3 S 5_5 Se Clay 3

Fig. 2 A potential slip curve divided into 9 line segments. This plot is to the scale (radius r = 30 m).
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The formula for 62, can be found in Eq. (5). For certain combinations of (m, n), it is possible that A,,,; = 0. For these (m, n) com-
binations, the term inside the summation sign in Eq. (18) should be replaced:

62 [Sin(cmn,i + Amn,i) - Sin(cmn,i )] x [Sin(cmn,j + Amn,j ) - Sin(cmn,j )j|
mn
Amn i Amn,j + [cos(cmn,i + Amn,i ) - Cos(cmn,i ):| X [COS(Cmn,j + Amn,,/’) - COS(Cmn,j ):|
2
(e} . . .
replaced by~ A - ‘ (COS(Cmn,i ) x [Sln(cmn,j + Amn,j) - Sln(cmn,j )] - Sln(cmn,i ) x [cos(cmn,j + Amn,j) - Cos(cmn,j ):|) (19)
mn, j

For the (m, n) combinations with A,,,; = 0,

Grzrm [Sin(cmn,i + Amn,i) - Sin(cmn,i )] X I:Sin(cmn,j + Amn,j) - Sin(cmn,j )]

Am"’i Am’h/ + I:Cos(cmn,i + Amn,i) - Cos(cmn,i ):| X [Cos(cmn,j + Amrl,j) - Cos(cmn,j ):|

W) A ma (COS(C,,,,,’]' ) X [Sln(cmn,i + Amn,i) - Sln(cmn,i ):| - Sln(cmn,j) X I:COS(Cmn,i + Amn,i) - COS(Cmn,i ):l) (20)

mn,i

For the (m, n) combinations with A,,,; = A,,,; =0,

02 [Sin(cmn,i + Amn,i ) - Sin(cmn,i ):| X I:Sin(cmn,j + Amn,j ) - Sin(cmn,j ):|

mn

Amn,i Amn,j + [COS(Cmn,i + Amn,i) - Cos(cmn,i ):| X [COS(Cmn,j + Amn,_/) - COS(Cmn,/' ):|

2 . .
—meadsy > O [ cos(c,.,,)xcos(c,,, ;) +sin(c,, ) xsin(c,, ) | (e2))

Once the covariances {C;} are calculated, the variance of the curve average can be easily derived. Let the lengths of the n line seg-
ments be denoted by (L1, L,, ..., L,). The curve average, denoted by W, can then be approximated as the weighted sum of (Wg,, W, ...,
WSn):

W ~ %ZL W, @)

i=1

where L = Ly + ... + L, is the sum of all lengths; W§; is the line average along the i-th line segment. W is therefore a normal random
variable with mean = 0 and variance equal to

1 non
>YGLL 23)

2
L io:

oo =Var(W,) =
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where C;; can be evaluated by Eqs. (18) ~ (21). The variance re-
duction factor for the averaging effect along the curve is equal to

1 n
o - 2G L L (24)

J=1

M=

2 2 2
I'c=0;/0" =

Finally, the (approximate) curve average W can be directly
simulated by the following equation:

We=\It 6-Z (25)

where Z is a standard normal random variable. It is not necessary
to first simulate the point process W(x, z) and do the integration
along the curve.

3.1 Validation of the Proposed C;; Equation

Equation (18) is central to this study. It computes the covar-
iance between Wy and Wy (Ws and Wy are the line averages
along S; and S; in 2D). In this subsection, Eq. (18) is compared to
the analytical solutions in 1D, namely Eq. (12). This is done by
letting 6, = oo so that a 2D random field reduces to 1D. Let (S;, S))
be two line segments with lengths (L;, L;). The comparison is
conducted in two scenarios: (A) S; and S; have the same length
(L; = L; = 10) but different end points (zo; # zp,) (see Fig. 5(a));
(B) S; and S; share the same end point (zy; = zy; = 0) but have
different lengths (L; # L;) (see Fig. 5(b)). c = 1 and 6, =1 are
adopted for both scenarios. The comparison results for scenarios
A and B are shown in Figs. 6 and 7, respectively, where the
computed C; is normalized by the standard deviations of W; and
Wy (i.e., the correlation coefficient is compared). The analytical
solutions based on Eq. (12) are plotted as solid lines, whereas the
results based on Eq. (18) are plotted as dashed lines. Figures 6
and 7 show that Eqgs. (12) and (18) give nearly identical results
(solid and dashed lines nearly coincide) for both the SExp and
QExp models.

3.2 Validation of the Variance Reduction T‘zc

Equation (24) computes the approximate variance reduction
factor for the curve averaging in 2D. In this subsection, the re-
sults based on Eq. (24) are compared to the 1D analytical solu-
tions based on Eq. (14). This is done by considering a special
case of a 2D curve: A straight line in 2D. The curve averaging
along this curve (a straight line in 2D) reduces to a 1D line aver-
aging so that Eq. (14) can be used to compute the 1D analytical
solutions. The comparison is conducted in three scenarios: (A)
the curve is a horizontal straight line (x-direction) with total
length L = 10; (B) the curve is a vertical straight line (z-direction)
with total length L = 10; (C) the curve is a 45° straight line with
total length L = 10. The squared exponential (QExp) model is
adopted, and o = 1, 8, = 20 and J. = 1 are adopted for all scenar-
ios. The 1D analytical solutions for the variance reduction factors
can be computed using Eq. (14) with D = 10 and 6 = SOF along
the line direction, which are 20, 1, and 1.412, respectively. The
resulting analytical solutions for T'*(D) are shown in Table 1.
Equation (24) is also used to compute the variance reduction
factor I’ due to curve averaging. The number of line segments
is taken to be n = 1, 4, 16, and 64. Taking Scenario (C) with n = 4
as an example, the following matrix is the covariance matrix
produced by Eq. (18):

l" X (8x = o)
Z0,i=20,

z(5,=1) Zp,i [}
Li=10

L=L
2y, i

Lj=10

(a) Scenario A (b) Scenario B

Fig. 5 Two scenarios of §; and S

R ..
) S— SN S —

Y1 E— T S— A W -

C@/ / [Var( WSi)OISVaI'( WSI‘)O‘S]

02| i f AR — N\

20,i — 20,
(a) SExp model

E E - — Eq.(12) (1D)
Ll e R EE Eq. (18) (2D) ]

7] S — S W— S
) S — 37— S

Y| I S — A ——

| [Var(Ws)"*Var(Wg)"]

02 TS S— N\

20,i — 20,
(b) QExp model

Fig. 6 The comparison results for the computed C; (Scenario A)



Ching and Sung: Simulating a Curve Average in a Stationary Normal Random Field Using Fourier Series Method 39

; : —EQ-IU?}UD)
L [ S ===Fq.(18) (2D) ]

Cy/ [Var(Ws)"*Var(Wg)*]

. | | |
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(a) SExp model
: : _EQVIUQ)UD)
Ll e R R ===Eq (18)(2D) ]

Cyj/ [Var(Ws;)"* Var(Wg)**]

10 10° 10

L/ L
(b) QExp model

Fig. 7 The comparison results for the computed Cj; (Scenario B)

i Cll C12 C13 C14

C, Cy, C
C _ 22 23 24
C33 C34
| SYM. Cu
[0.4634 0.0508 0 0

0.4634 0.0508 0
= (26)
0.4634 0.0508

0.4634

SYM.

I’ is therefore computed using Eq. (24), which gives I'’¢ =
0.1349. Table 1 shows the computed variance reduction factors
using Eqgs. (14) and (24). It is clear that they give nearly identical
results. Moreover, the variance reduction factors due to curve
averaging are independent of n = 1, 4, 16, or 64. Some other sce-
narios with different (J,, d.) or with the SExp model are also val-
idated, although not shown here.

Table 1 The computed variance reduction factors using Eqs.
(14) and (24)
SOF along| Length of| 1D 2
along Length o analytical I'" computed by Eq. (24)
. the line | the line -
Scenario solution
segment | segment for T
©®) (D) or n=1|n=4 |n=16|n=64
[Eq. (14)]
(A) . 20 10 0.8871 |[0.8871 | 0.8871|0.8871 | 0.8871
-direction|
.(B) . 1 10 0.0968 | 0.0968 | 0.0968 | 0.0968 | 0.0968
z-direction
©)
incline 1.412 10 0.1349 [0.1349 | 0.1349 | 0.1349 | 0.1349
at 45°

4. EXAMPLES OF APPLICATIONS

4.1 Averaging Effect over the Shaft Area of a Pile

A 12 m long pile with a diameter B = 0.8 m is to be installed
in a deposit of clay. From the results of field and laboratory tests
on the clay, the undrained shear strength (s,) has mean value =
40 kN/m’, coefficient of variation (COV) =104, 8,=38,=50 m,
and 6, =2 m (x and y are the two horizontal directions; z is the
depth direction). The ACF is the SExp model. This example is
extracted from Orr (2014) but slightly modified. The goal is to
compute the COV of the averaged s, value over the entire pile
shaft area. Note that the mean of the averaged s, remains
40 kKN/m’. The variance reduction factor over the entire shaft area
(Fzshqﬁ) takes the following form:

thaﬁf = F?irele x F? (27)

where T2, is the variance reduction factor for the curve aver-
aging over the circle, whereas I'”, is the variance reduction factor
for the line averaging over the depth. The circle is approximated
by n line segments, as shown in Fig. 8. I'>, can be computed ana-
lytically using Eq. (14) with D = 12 m and & = 3. = 2 m (SExp
model):

r: =[2><12/2—1+exp(—2><12/2)]/(2><122/22) =0.1528
(28)

Averaging Effect over the Circle

Equation (24) is used to approximately compute I
n should be sufficiently large for the curve representation to be
accurate. Figure 9 shows how I 2 e changes with B/5 for various
choices of n for scenarios with &, = §, = 8. In this figure, B/d
ranges from 0.001 to 100. This sufficiently covers the practical
range of interest for pile designs. By inspecting Fig. 9, n > 20 is
sufficient, because a larger n does not produce a noticeably more
accurate result. In the following, only the results with n = 40 will
be presented.

Figure 10(a) shows how I' zmde changes with B/5, for more
general cases with §, # §,. e 1S approximately computed by
Eq. (24) (SExp model). Several §./6, ratios are considered
(6./8, =1, 2, 5, 10, 100). The current case is with §,/5, = 1 and
B/5, =0.8/50 = 0.016. By checking Fig. 10(a), I, iS approxi-
mately 0.9745. Note that this is nearly the exact value for I" 2 reles
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Fig.9 The I et Versus B/& relationships for various choices of n

not a rough approximation, because Eq. (24) is nearly exact with
n = 40. The overall variance reduction factor Fzshaﬁ =T x T2
= 0.1489. This means that the COV of the averaged s, value over
the entire pile shaft area is equal to 0.4 x (0.1489)" = 0.154.

I, can be also estimated using a simplified method pro-
posed by El-Ramly et al. (2006). They proposed the following
equivalent isotropic SOF:

8y =5, -9, 29)

For the current case, oy = (8, 8},,)0'5 =50 m. Then, I zc[rcle can
be approximately estimated using Eq. (14) with D =nB =2.51 m
and & = 8; = 50 m. Hence, I'%;. = 0.9673, and the overall vari-
ance reduction factor [y, = [ x T2 = 0.1478, which is
slightly smaller than the result given by Eq. (24). In Fig. 10(b),
the results estimated by El-Ramly et al.’s simplified method are
also plotted for comparison. For the cases with 6,/6, < 2, this
simplified method is quite accurate, producing results that are

10 :: - -1 U ITTITCC
107k
&
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107k 4
23100
310
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&
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5 100
107 =
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(b) I 2 rele computed by equivalent isotropic 3¢

Fig. 10 The T2 ivete VETSUS B/, relationships for various choices
of 8,/3, ratios (SExp model)

fairly close to the results computed by Eq. (24). However, for the
cases with 6,/5, > 5, this simplified method always overestimates
the variance reduction factor (i.e., conservative). The overestima-
tion is quite severe (i.e., overly conservative) for the case with
8,/8, = 100. Figure 11 further plots the T2, VETsUS B/S, rela-
tionships for the QExp model. The conclusion is similar, except
that for the cases with 8,/5, < 2, the simplified method proposed
by El- Ramly et al. (2006) is not as accurate as in the SExp cases.

4.2 Reliability of a Circular Trial Slip Curve in 2D
Slope Stability

Consider a circular trial slip curve in an undrained slope, as
shown in Fig. 2. There are three clay layers in this slope. The s,
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for each layer is modeled as a stationary normal random field.
The statistical properties of the three random fields are shown in
Table 2. The three random fields are assumed mutually inde-
pendent. The unit weights for the three clay layers are all equal to
20 kN/m’. The trial slip curve is divided into 9 line segments (S,
..., S9), which are the bases of the 9 slices. Table 3 shows the
information for all slices and line segments. The coordinates for
the two end points of each line segment, namely (xo;, zo;) and (x;,
z1,), are also listed in Table 3. The overall factor of safety (FS)
can be computed using the Swedish circle (¢ = 0) method (Felle-
nius 1922; Duncan and Wright 2005):

FS resisting moment due to soil shear resistance

overturning moment due to soil self weight

rxLxs,
- 3 (30)
bW, =3 bW,
i=1

Me

i=4

where r = 30 m is the radius of the trial circle; L = 45.33 m is the
total length of the circular curve; s, is the average along the
circular trial slip curve (curve average); W; is the total weight of
the i-th slice, and b; is its moment arm. Table 3 shows the infor-
mation for (W;, b;). Note that the first three slices contribute to
the resisting moment.

Table 2 The statistical properties of the s, random fields

cl Mean Standard Horizontal | Vertical
a 1}; value p deviation | COV | SOF 8, SOF 3,
Y aaNm?) | (kN/md) (m) (m)
1 20 (0, 0) 0.3 30 1
2 30 (3.80, -1.80) | 0.2 30 2
3 50 (7.6,-3) 0.3 30 2

Table 3 The information for each slice and slice base

Length of
the i-th  |Left-hand-side[Right-hand-side] Weight of |Moment
Index| slice base end point end point  |the i-th slice] arm
(l) (or the i-th (X()’l', Z(),[) (xl,,», ZU) (VV,) (b,)
line segment) (m) (m) (kN/m) (m)
(&) (m)
1 4.20 (0, 0) (3.80, -1.80) 68.38 12.18
2 3.98 (3.80, —1.80) (7.6,-3) 182.34 8.86
3 4.81 (7.6,-3) |(12.34,-3.76) | 443.41 4.47
4 4.74 (12.34, -3.76)| (17.09, -3.76) | 694.70 0.13
5 4.81 (17.09,-3.76)| (21.83,-3) 883.63 4.81
6 4.98 (21.83,-3) [(26.55,-1.42) | 992.37 9.51
7 5.37 (26.55,-1.42)| (31.27,1.13) 933.58 14.12
8 6.11 (31.27,1.13) (36, 5) 654.99 18.70
9 6.41 (36, 5) (40, 10) 200.17 22.62

0
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Fig. 11 The I'?.,, versus B/, relationships for various choices
of 3./, ratios (QExp model)

The mean value of 5, is approximately equal to (see Eq.

(22))
1o
EG)~~Y L, (1)
Lo

where L; is the length of the i-th line segment (see Table 3); p; is
the s, mean value for the clay layer underlying the i-th slice. The
resulting mean value of 5, is 34.92 kN/m’. Using Eq. (18), the
covariance matrix for the 9 line averages can be constructed:



C=
_20. 18 8.06 0 0 0 273 283 017 O
8.06 2342 0 0 0 68 1.15 005 0
0 0 16193 118.01 95.02 0 0 0 0
0 0 118.01 202.77 11801 O 0 0 0
0 0 95.02 118.01 161.93 0 0 0 0
273  6.86 0 0 0 2097 532 022 O
2.83 1.15 0 0 0 532 168 279 0
0.17 0.05 0 0 0 022 279 1315 O
0 0 0 0 0 0 0 0 633]
(32)
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Note that there are lots of zeros in the covariance matrix be-
cause the three s, random fields are independent. The line seg-
ments (Sy, S,) lie in the same clay layer as (Sg, S7, Sg). Hence, the
corresponding off-diagonal entries are non-zero. The variance of
5, can be determined using Eq. (23): o°c = 15.04 (kN/m’)’.
Note that this result is nearly exact. This means that s, is a
normal random variable with mean = 34.92 kN/m’ and standard
deviation = 3.88 kN/m’. The failure probability is equal to the
probability for F'S < 1, which is estimated to be 0.0604 (using
Monte Carlo simulation with sample size = 10°).

5. CONCLUSIONS

This study proposes a new method of simulating a curve av-
erage in a two-dimensional (2D) stationary normal random field.
The proposed method is based on the Fourier series method de-
veloped by Jha and Ching (2013). With the help of the Fourier
series, the covariance between any two 2D line segments has an
analytical expression. Because a curve can be represented as a
series of connecting line segments, it is possible to derive the
analytical expression for the variance reduction factor due to the
averaging along the curve. Therefore, the curve average can be
readily simulated. The accuracy of the proposed method is ex-
amined by comparing its results to chosen 1D examples with
analytical solutions. The examination shows that the proposed
method produces results that are nearly identical to the analytical
solutions.

Two examples are used to demonstrate the applications of
the proposed method. It is shown that the simplified method of
calculating the variance reduction factor proposed by El-Ramly
et al. (2006) is fairly effective for the cases with weak spatial
anisotropy (horizontal and vertical SOFs are not significantly
different). However, for the cases with strong spatial anisotropy
(horizontal SOF is significantly larger than the vertical SOF), the
simplified method generally overestimates the variance reduction
factor for the curve averaging.

The MATLAB codes for simulating the curve average and
computing the variance reduction factor are available to the
readers upon request (please contact the first author).
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